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AnHOTaUS

Jlannoe mocobme NpU3BAHO JaTh CTYJAEHTAM, HAYWHAIOIINM HU3yYaTh
CTAHJAPTHBIA KypC TeOpuH T0Jisi (CIenuasbHAsl TeOpHsl OTHOCUTEJbHOCTH U
9JIEKTPOJMHAMUKA) MUHUMAJLHOE BBEICHME B TEH30DbI. 1IpU 3TOM CHENUAIBHOE
BHUMaHUE YJEJIEHO <IIEPEBOJY» C TEH30DHOI'O fA3bIKa Ha MaTPUYHO-BEKTOPHBIA 1

0OpaTHO.
Conep:kaHne
1 Ckausp, (Ko)BEKTOp, TEH30D
2 DBaJjaHc UHIEKCOB
3 Marpunbl u TeH30PbI
3.1 TIpaBuia MEPEBOMA . . « « « « v v o v e e e e e e e e
3.2 Hekoropbie mpaBuia Ipeodpa3oBaHmuil . . . . . . ..o ..
4 Merpuka
4.1 Merpuka MHEHKOBCKOTO . . . .+ « v v v v ettt e e e e e e
4.2  EBKIUIOBA METPHKA . . .« « « o o v e et e e e e e
5 AHTUCUMMETPUYHBbIE TEH30PbI
5.1  3-MepHBI! TOTHOCTHIO AHTUCUMMETPUYHBI CAMBOT . . . . . . . . . . . .
5.1.1 Omnpeneauresib U O0BEM . . . . . . . ...
5.1.2 Tlpoussemenue AByX aHTUCUMMETPUYIHBIX CUMBOJIOB . . . . . . . .
5.2  AHTHCHMMETPUYHBIE TEH30PBI U OMPEACTUTETH . . . . . . . . . . . . . .
5.3  4-MepHBI! TOJTHOCTHIO AHTUCUMMETPUYHBIN CUMBOT . . . . . . . . . . . .
5.4 JlyaqbHOCTb AaHTHUCUMMETPUYHBIX TEH30POB . . . . « . . o o o o o o o . .
6 Habaa
6.1 3-MEepHBIIl OMEPATOD HADJIA . . « . « . o v v v v e e e e e e
6.2 4-MEDHBII OIEPATOP HADJA . - « « « v« v v v e e e e e e
7 Ilepexon oT 4-MepHBIX TEH30POB K 3-MepPHBIM

*e-mail: mgi@mi.ras.ru

10

11
11
11
11
13
14
14

15
16
18

18



8 KpuBoJsimHeliHbIe KOOPANHATHI 20

8.1 Merpuka B KpUBOJMHEHHBIX KOOPAMHATAX . . . . . « . o « . o« . . ... 20
8.2 TlonHOCTBIO AHTUCUMMETPUIHBIA TEH30D . . . . . . . . o o . o o ... .. 21
8.3 uddepennupoBanne B KpUBOJMHEHHBIX KOOPAMHATAX . . . . . . . . . . 22

1 Ckamsp, (KO)BEKTOp, TEH30D

TeH30p — HEKOTOpBIH OObEKT, Hecyluil BepxHUE (KOHTPABAPUAHTHBIE) U HUMKHUE
(KOBapMaHTHBIE) WHJEKCHI, Ipoberaiomue [ pasJMIHBIX 3HAYCHWH KaxKIbli, u
[Ipeodpa3yIoNuiicss MPU 3aMeHe KOOPIUHAT OIPEICJIEHHOIO KJIacCa OIPEeIeIEHHBIM
AUHETHBLM  CTTOCODOM, TIPU KOTOPOM HYJI€BOH TeH30p (BCE KOMIIOHEHTBI KOTOPOIO
PaBHBI HYJII0) OCTAETCsl HYJIEBBIM B JIIOOBIX KOOpJAMHATaX. 3Jech ) — pa3sMepHOCThb
IIPOCTPAHCTBA.

s 4-mMepHOTO TEH30pa B 4-MEpPHOM IPOCTPAHCTBE-BPEMEHMU:

T s iy gy ymym,... €{0,1,2,3}. (1)
JlJist 3-MepHOro TeH30Pa B 3-MEPHOM ITPOCTPAHCTBE:
Taﬁ“'uy,,., a,B... puy, ... €4{1,2,3} (2)

31ech U Jajiee MajleHbKUE JIATHHCKIE WHIEKCHI OyayT mpoberarh 3HadeHus oT 0 10 3, a
rpedeckue — oT 1 j0 3.

BajieHTHOCTHh TeH30pa waM PaHT TeH30pa — o0mee YHCIO uHHAEKCoB. He
cJlejlyer MyTaThb pane men3opa (YUCIIO WHJEKCOB) W pane Mampuyd, (9UCJIO JIMHEHHO
HE3aBHUCHMBIX CTOJIOIOB/CTPOK). DTO pa3Hble NOHSATHSI. Ecam TeH30p uMeeT JBa
MHJIEKCA, TO OH WMeeT DaHr (BaJIEHTHOCTb) TEH30pa 2, & PAHr COOTBETCTBYIONIEH
MAaTPHUITBI MOXKET OBITH JIFOOBIM IIEJIBIM UHCJIOM OT HYJIS IO PA3MEPHOCTH ITPOCTPAHCTBA.

Tenzop 006001IaeT MOHATHS CKaJIsipa, BEKTOpa W MaTpuIlbl. Ilpm 3ToM mpaBmia
peobpa3oBaHusl KOMIIOHEHT TEH30pa YCTPOEHBI TaK, 9TO Mbl MOYXKEM KOHCTPYHUPOBATH
HOBBbIE TEH30pPbI U3 WMEIOMNXCA [0 HEKOTOPLIM IPOCTBhIM mpaBmiaam. Moryrt

UCIIOJIb30BAThCSA U WHBbIE OOBEKTBI, KOTOPbIE HECYT WHJEKCHI, HO IIPeobpasyroTcs II0
APYTUM IIpaBUJIaM U TEH30DAMU HE dABJIAIOTCH.

Obiree omnpejesienne TeH30pa Oy/IeT JAHO Jlajiee, a MMOKa PACCMOTPUM IIPOCTeiIe
qaCTHBIE CJIy9ad CKaJIspa, BEKTOPa U KOBEKTOPA.

3aMeTuM, YTO BEKTOPAMU B PA3HBIX O0JIACTAX MATEMATHKM HA3BIBAIOT Pa3HbIE
00bekThl. Kak mpaBuiio, BEKTOPOM HA3BIBACTCS IJEMEHT JIMHEHHOIO IIPOCTPAHCTBA,
T.e. BEKTOPBI MOYKHO YMHOXKATh Ha YHUCJIO U CKJIaJIbIBaTh. Haim BEeKTOPBI TOXKe Oy 1y T
JOMYCKATH 9TU OIIEPAINH, T.€. OYIyT 3JIEMEHTAMHU HEKOTOPOT'O JTUHEHHOI'O IPOCTPAHCTBA.
DJjieMeHTaMl HEKOTOPOI'O JIMHEHHOro IPOCTPAHCTBA OYJyT U KOBEKTODBI, a TaKXKe
JIFOOBIE TEH30PBI ONPEJIEIEHHOrO THIA (C ONPEJIEJIEHHBIM YUCJIO BEPXHUX U HUXKHUX
uHieKcoB). OIHAKO, CTIOBO «BEKTOD» Jlajee OyIeT 03HAYATDH HE TOJBKO IPUHAJIC?KHOCTD
JINHEHHOMY IIPOCTPAHCTBY, HO M OIPEJIeJIEHHBIN 3aKOH ITPEe00Pa30BaAHUS.

Cpa3sy oroBopmm, 4TO KOOPJMHATHI OyyT HECTH BEPXHUN WHJIEKC (a:i, wi %),
HO HabOpP KOODJMHAT («PaJInyc-BEKTOP») MOYKET CUUTATHCSI BEKTOPOM TOJIBKO €CJIN
MBI OTPAHUIUBAEMCS JIMHEHHBIME [TPEOOPA3Z0BAHUSIME, OCTABJISIOMIMMI HEIIOIBUKHBIM
Ha4yaJI0 KOOPJUHAT.

pPaauyc-BEKTOP BEKTOPOM MOXKET He OBbITH



Ckansap — tensop 6e3 umuiekcoB. OH mMmeeT OfHY KOMIOHeHTY. llpu 3amene
KOOPAMHAT CKaJIp He Ipeodpas3yercs, T.e. sIBJISeTCs NHBAPUAHTOM

WHBApPUAHT = CKAaJIsAP.

Eciu Mbl uMeeM He HPOCTO CKaJsIp, & ckaaaphyto @ynxyuto (ckaasproe nose),
TO IPHU 3aMeHe KOOPJMHAT B KarKJOH TOYKe IPOCTPAHCTBA 3HAaUYEHUE CKaJISApPHON
bYHKIUN OCTAETCS TPEYKHUM, HO (DYHKIINS MOYXKET MEHSIThCS, T.K. U3MEHSIOTCS 3HATCHUS
KOOD/MHAT, KOTOpble HyMepyIOT IpezKHue TOYKU:

¢'(2") = p(x(2')). (3)

Baech z(x’) — crapble («HEIITPUXOBAHHBIE» ) KOODJIMHATHI, BHIPDAXKEHHBIE 1€Pe3 HOBbIE
(«irrpuxoBanubie» ). Yacto wmpuru ydobro cmasumo He Had camMuMu K0OPOUHAMAMU
U MEH30PAMU, G HA0 UHOEKCAMAU.

BekTop — TeH30p ¢ OHIM BepXHHM (KOHTPaBapHAHTHBIM) HIHIEKCOM. [Ipu 3amene
KOOD/IMHAT BEKTOD I[IPeo0pa3yeTcsi TakK K€ KaK Pa3sHOCTb KOOPJIUHAT MEXKJY JBYMs
(6eckoneunobmusknMu) Toukamm dr'. Ecam MBI paccMaTpmBaeM JIHHEHHYIO 3aMeHy
KOOD/IMHAT, TO TaK K€ 1IPeodpasyeTcss M Pa3HOCTb KOODAMHAT JIBYX IIPOU3BOJILHBIX
TOYEeK, HO B OOINEM cJjlydae [POM3BOJIbHOIM 3aMeHbl (I1€pexos K KPHBOJUHEHHBIM
KOOP/IMHATAM) Pa3HOCTb KOODJHMHAT JBYX TOUEK IIpeobpasyeTcst HeJIMHEHHbIM 06pa3oM,
a 3HAYUT He sIBJIsIeTCsl BEKTOPOM (KOTODBIi, KaK YacTHbI ciydail TeH3opa, J0JIKeH
MMETH JTMHEeHHbI 3aK0H IPpeobpa3oBanst). BeKTOp MOXKHO IIPeICTABUTD B BH/JIE CTPEJIKN,
coeIMHSIIONIel JBe OECKOHEYHOOIN3KIE TOUKH.

., 3 -/
g Oxt 4 or' 4 g 0xt
dax' = o dat = E o dx' amamormuHo mIg J000ro BeKTopa vt = o v (4)
r T x
i=0

-/

ITo noBTOpsitoMMCcs MHAEKCaM (B OJHOM YJIeHE) HOAPa3yMeBaeTC s
cymMmupoBaHue («CBEPTKa» )

KoBeKTop (KOBApMAHTHBIN BEKTOP) — TEH30D C OJHUM HUKHUM (KOBAPHUAHTHBIM )
nnjiekcoM. 11pu 3amene KoopHaT KOBEKTOD IIPe0dpa3yeTcs 110 TeM Ke [IPABUJIAM, YTO U
KOMITOHEHTHI I'paJInenTa. UMcjI0 KOMIIOHEHT KOBEKTOPAa COBIAIAET C YUCJIO0 KOMIIOHEHT
BEKTOpPa W MEXKJy HAMHU MOXKHO YCTaHOBUTH B3aMMHO-OTHO3HAYHOE COOTBETCTBUE, HO
KOBEKTOD IPHU 3aMeHe KOOPJUHAT IPeodpa3yeTcst Mo-IPyTroMy.

IrpagueHT — KOBEKTOP, a He BEKTOP

0 oz’ ozt
(9;;/ =Vip= e Vi aHAJOrWIHO IJIsI JIIOOON0 KOBEKTOpa Uy = p u;  (5)

Nunekc y mpousBoaHO#I MO KOOPUHATE CUUTAECTCA HUKHUM 821' =V;
W3 mapbl MOBTOPSIONINXCSI B OJJHOM YJIeHE MHIEKCOB OJWH J0JI2K€H OBbITh
BEPXHUM, a APYyroii HUu>KHUM.

Yrobbl yOequThCsl B TOM, YTO TrpajeHT (a 3HAYUT U JH00OW KOBEKTOD) He
SIBJISIETCS] BEKTOPOM MOKHO COCJIATbCS Ha TO, YTO B CJIydae BEKTOpa IpeoOpasoBaHue
BAIMCBIBAETCS Uepe3 MpAMyI0 MaTpuily fkobu, a Jijisi KOBEKTOpa — depe3 00paTHYyIo.
9T0 MOYXKHO OOBSICHUTH M «HA MAJBIAX». BEKTOP MOYKHO IPEICTABUTH KaK CTPEJIKY.



I'pagumenT — crpeska, HalpaB/ICHHAs B HAIPABJICHUU CKOpeiiero pocra MYHKIUA U
UMeIONas JJINHY PAaBHYIO ITPOU3BOIHON BJIOJIb 9TOrO HalpaBJyeHnus. jist Toro, 9robb
BBIOpATH HAIPABJICHUE HAUCKOPEHIIIEro pocTa, HaM HEOOX0IMMO CPABHUBATD PACCTOSTHUST
B DA3HBIX HANPAaBICHUSX (YTOOBI ONPENETUTh TJE <CJeAyIoNasy MOBEPXHOCTH
YPOBHsI OJiMzKe MOJAXOIUT K paccMarpuBaeMoii Touke). OJHAKO, IPABUIA BbIYUCICHUS
PACCTOSHUS B PA3JIMYHBIX CUCTEMAX KOOPJMHAT MOTYT ObITh PA3IUYIHbI. TakuM 06pa3oM,
JUIsl [IPEJICTABJICHUsI TpajiieHTa (KOBEKTOpa) B BHJE CTPEJIKH (BEKTOpA) HAM HYyKHO
3HATH IIPABWJIA BBIYUCJEHUs paccrosHuil (Merpuky). Hemuoro apyrumm ciaoBamu:
BEKTOD TPaJIUEHTA JOJIKEH OBbITh MEPIEHIUKYJISIPEH ITOBEPXHOCTU YPOBHS, a Jjis
olpe/Ie/IeHNsT TIEPIEHIUKYIISIPHOCTU HAM HY>KHO CKaJISIPHOE IIPOU3BeJIeHne (MeTPUKA).
Tenzop 1pu 3aMeHe KOOPJUHAT ITPeobpa3yeTCs TaK YKe KaK IPOU3BeJICHIEe BEKTOPOB
U KOBEKTOPOB C COOTBETCTBYIOIIMM HabopoMm wuHIAEKCOB. Hampumep TeH30D Tijk
npeobpasyeTcs Kak IPOU3BEICHHE OJHOIO BEKTOPA U JIBYX KOBEKTOPOB U’ Uj W

, .
ox" dxd Oxk (6)
Oxt Ox1’ OxF'~

IIpaBuio g npeobpa3zoBanus TEH30POB IPOU3BOILHOIO PaHTa JIEIKO 3aIllACATDh, €CJIH

IIOMHUTH, YTO BCe CTapble HNH/IAEKCbl TE€H30pPa JOJIZKHBI OBbITH CBépHYTbI C MHICEKCaMI
OPsAMBIX 1 O6paTHbIX MaTpHUIL HKO6I/I, HpI/I‘{éM BepXHHE NH/ICKCBI JOJI2ZKHbI CBOPpAQYIUBaTbCA

-/

TZ j/k./ = szk

¢ HUZKHUAMU.

IIpasuia npeobpa3zoBaHus TEH30POB YCTPOEHBI TAKUM 00pa30M, YTO IIPOM3BEICHUE
KOMIIOHEHT HECKOJIbKMX TeH30POB (TEH30PHOE yMHOXKEHHE) JaéT KOMIIOHEHTBI HOBOI'O
TeH30pa, a Jiobas NpaBHJIbHAsT CBEPTKA (BEPXHErO MHIEKCA C HUXKHUM) [PEBPAIIAET
TEH30D B HOBBIil TEH30D (C MEHBIINM YUCIOM MHIEKCOB).

T 4 8™ e = Ry M — TEH30PHOE YMHOXKCHHE (7)
3
R kmle. = Z R ki = P77 g — CBEpTKa (8)
m=0

MOKHO JIETKO YCTAHOBUTH CJIEYIONNI HPU3HAK TEH30PA: ECAU NPU CEOPAHUBLHUL,
HEKOMOP020 00BEKMA ¢ NPOU3BONLHBIM BEKMOPOM (KOBEKIMOPOM) NOAYUAEMCA MEHIOP C
COOMBEMCMBYIOUUM HADOPOM UHIEKCOB, MO U UCTOOHBIT 003eKkm ModHce bblA MEH30DOM.

st mokazarebcBa NMPU3HAKA TEH30pa MOXKHO HCIOJIB30BATh TO, UTO CBEPTKA
BEKTOPa M KOBEKTOPAa JaéT TEH30p 0€3 MHAEKCOB, T.€. CKAIAPOM. DTO JIETKO yBUIETDH
Ha IIpUMeEpe CBEPTKU OECKOHEYHO-MAJIOr0 IHPUPAIICHUS KOODIMHAT MEXKIY JIBYMs
bukcupoBanHbIME TOUYKaMU (BeKTOpa) U IpajiuenTa (KOBEKTOPA)

i _ i 09 _
dx'Vip = dz D dep. (9)

[Mockonbky nuddepennuan cransgpHoit QGyHKIMU (pasHOCTb 3HAYEHU ¢ Jyist
IBYX OJIM3KHX TOYEK) HE 3aBUCHT OT CHCTEMBl KOODJWHAT, JAHHAsS CBEPTKA
OKa3bIBAETCs MHBAPUAHTOM (CKajisipoM). IT0CKOJIbKY BCe JIpyrue BEKTOPHI U KOBEKTOPbI
peobpazyioTcs anagornano dax’ u Vi, TO W CBEPTKA IIPOM3BOJILHOIO BEKTOpA C
[IPOU3BOJILHBIM KOBEKTOPOM OKAXKETCsI CKAJISIPOM.

[Tokazkem, uTo d-cumBol (cumBos KpoHekepa) ¢ OJHUM BEPXHUM U OJHUM HUXKHUM
MHJEKCOM sBjisiercsa Ten3opoMm. CumBonr Kponekepa orpesessieTcst 4epe3 KOMIIOHEHTHI

i )L 1=y
5j_{0’ i (10)

4

eTUHUIHON MaTPUIIHI:



EC.HI/I CBEPHYTH 5—CI/IMBO.H C IIPOU3BOJIbHBIM BEKTOPOM, TO B CYMME€ BbI2KHBA€T TOJIBKO
qJIeH C 1 = j:

3
vjéj- :Zvj 5§: vjéﬂi:j = (11)
j=0

TakuM 06pa3oM, JyIsi IPOU3BOJLHOIO BEKTOPa 1) CBEPTKA ¢ (-CUMBOJIOM CHOBA JIAJIA
Ten3op (BeKTOp v'), a 3HAYMT, 1O TPU3HAKY TEH30pa, 6-CHMBOI — TEH30D (3TO MOKHO
[IPOBEPUTH U HANPSMYIO, YOEIUBIINCH, YTO IIPABUJIO IIPEOOPA30BAHUS TEH30PA C OJHUM
BEPXHUM W OJHUM HUKHUM CHMBOJIOM TOKA3BIBAIOT, UTO J-CUMBOJI TIEPEXOIUT B cebs
npu JIIOOBIX TPE0OPA3OBAHUAX KOOD/MHAT).

BocrosbzoBaBimcs  0-CUMBOIOM ¥ IpaBuiamMu  JuddepeHiupoBaius CA0XKHBIX
dyHKIWHA emé pa3 MPOJAEMOHCTPUPYEM, YTO CBEPTKA BEKTOPA W KOBETOPA SIBJISIETCS
MHBApUAHTOM (CKAJISIPOM):

o ,
/ ox? dz" O0x?

i
upvt = U — —— vt = u; ——
! T oxt Ot T Ot

v = uj (55 vt = ;0 (12)

2 DBaJjaHC MHIEKCOB

IIpu pabore ¢ TEH30PHBIMU UHIEKCAMU CJEIyeT COD/IIOIAThL DAaJIAaHC UHIEKCOB:

® B KayKJOM CJIaTaeMOM WHIEKC MOXKET BCTpedaThbCd OJWH WJIW JIBa Pas3a;
® eCJIM MHJIEKC BCTPEYAETCS B CIaraeMOM OJIMH pa3 (CBOOOIHBIN WHIEKC), TO

— cJlaraeMoe 3aBUCHUT OT 3HAYEeHUs 3TOI0 WHIEKCA,

— MBI MOYKEM TPUPABHATH 3TOT WHJEKC KAKOMY-TO 3HAYEHUIO,

— BCE YJIEHBbI, C KOTOPBIMHU CJlaraeMoO€e CKJIAJbIBAETCS, BBIUYUTACTCS WJIN
ITPUPABHUBAETCS, JOJKHBI COMEPKATH ITOT WHIAEKC TOXKE OJWH pa3 B TOM
ke (BepXHEM WJIM HUZKHEM) MOJIOXKEHUH,

— MBI MOXKEM II€PEMMEHOBATH ITOT WHJEKC, €CJIM OJHOBPEMEHHO TaKUM Ke
00pa3oM mepenMeHyeM 3TOT MHIAEKC BO BCEX UjIeHAX, C KOTOPLIMH JaHHOE
cJlaraeMoe CKJIQIBIBAETCH, BRIYUTAETCS WJIN TIPUPABHUBAETCS;

® eCJIN MHJIEKC BCTPEYAETCs B CIaraeMoM JiBa pa3a (HeMOil HHJIEKC), TO
— OJIMH Pa3 OH JOJIZKEH ObITH BEPXHUM, & JIPYTOil pa3 — HUKHUM,
— TI0 HEMY IIPOBOJIUTCS CBEPTKA,
— MBI He MOYKEM IIPUPABHATH ITOT MHJEKC KAKOMY-TO 3HAYEHUIO,
— MBI MOXKEM IIEPEHMMEHOBATH ITOT MHJACKC IPOU3BOJILHBIM 00pa30M, HO TaK,
9TOOBI HOBOE MM MHJIEKCA HE COBIAJIAJO ¢ MMEHAMHU JIPYTI'UX UHJIEKCOB TOI'O
2Ke cJiaraeMoro;

e MBI MOXKEM He pazjifyaTh BepXHUE U HUXKHUE HWHJEKCBHI, MOADKO eCAl
orpanuduBaeM cebsl PacCMOTPEHHMEM IPeodpPa3oBaHUil, JJisi KOTOPLIX MaTPHUIA

IC/
Sxobu (%))((k ) OPTOTOHAJIbHA, T.e.

ox* axm™ X'
IXF gxm Om = 0km & € On);

® MBI JIOJKHBI PA3/IMYaTh UHIEKCHI, OTHOCAIINECS K PA3HBIM CUCTEMaM KOOPJIMHAT
(IITpUXOBaHHBIE M HEIITPUXOBAHHLIE);

® €CJIM BBI TOJICTAB/ISIETE KAKOE-TO BbIPAsKeHUe ¢ MHAEKCAMU B (hOPMYILy, TO IacTO
ObIBaeT 1E0OT00UMO TIEPEUMEHOBATH HEKOTOPBIE MHIICKCHI:

5



— WUHJEKChI, BCTPEYAIONINECcs OUH pa3, ObIBaeT HYXKHO IIEPEUMEHOBATH, YTOOBI
OHHM COOTBETCTBOBAJIU HHJEKCaM B (hOpMyJie, B KOTOPYIO BbI IOJICTABJISIETE
BbIDarKEHUE;

— WH/JIEKCBI, BCTPEYAIOIIUeCs JBa pa3a, ObIBaeT HYKHO II€PENMEHOBATD, YTOOLI
OHU HE COBIJIAJIN C MHJIEKCAMU, yKe UMEIOIUMUCS B UjieHe, B KOTOPBIN BBI
II0/ICTaBJIsIeTe BbIpAXKEHNUE.

[IpuBenénHbIe BBINIE TIpaBUjIa OOpPAINEHUs ¢ WHIEKCAMU TPUBHAJBHBI, HO YaCTO
HEJOCTATOYHO YETKO OCO3HAIOTCS HAYMHAIOMIMME, YTO MPUBOIUT K OIIHOKAM, KOTOPBIX
MOXKHO OBLIO OBbI JIErKO m36eKaTh. lIpomsmocTpupyeM 3TO KOHKPETHBIM IIPUMEPOM.
ITOBTOPHM JI0OKA3aTeILCTBO TOTO, YTO CBEPTKA U;U' KOBEKTOPA U U BEKTOPA U SIBIISIETCS
CKaJIIPOM, obpalliasi Ipyd 3TOM BHMMAaHHE Ha IIPUMEHEHHE IIPaBU/I OaJlaHca WHIECKCOB
U BO3MOXKHBIe omuOku. Ilpm 3ameHe KoOpAWHAT KOMIIOHEHTBHI U W ¥ MPeoOPa3yroTcs
CJIEIYIOIINM OOPa30M:

X7 ;o OXT™
/U =

= X ox7 "

YT06b! IIOACTABUTH KOMIIOHEHTHI % U ¥ B IITPUXOBAHHBLIX KOODIMHATAX B BHIPAXKEHHE
!
uy v, CHaYaJIa CAedyeT IePEenMeHOBATh B MCXOMHBIX BBIPAXKEHUAX CBOOOIHDBIE MHIEKCHI

K um' i ' 3
0X7 s 0X"

) CAY;) ¢
Ecin MBI mOACTABUM B CBEPTKY 9TU BBLIPAsKEHUsI, TO UHIEKC j BOWIET B OHUH UJIEH
gerbIpe pasa (amy owubky nonaywany 0onyckaem GOALWUHCEO CMYIEHMOE), IOITOMY
epeJI MOACTAHOBKON HAJI0 MEPENMEHOBATE UHIEKC j B OJHOM U3 BbIpaXKeHUi, HallpuMep,

-/
y ‘ ’ ]
B BbIpaKeHHHU JIJIst v° 3aMEHUM j Ha Kk U HOJIyduMm v' = ‘?g{k vk

v

u

!
Tenepb nojictaBuM ;s U v*° B UCXOTHOE BBIpAXKEHUE:

, OX7 ax"

_ _ J.k J i
= Ui V" = u; V" = u;v! = uvt.
ToX" 9XFk Ik J !

w0
(B camoM KOHIIE IEHOYKH PABEHCTB MbI [IEPEHMMEHOBAJIN HEMOW MHJEKC j B  IPOCTO
«JIJIs KPacOThI». )

3 Marpurpl 1 TEH30pPbI

Tenzop ¢ oHUM HMHJIEKCOM MOXKET OBITH MPEJCTABJIEH B BUJIE CTPOKU HJIM CTOJIOIA.
Tenzop ¢ AByMsT WHIEKCAMU MOXKET OBITh IPEJICTABJICH B BUJE KBAIPATHON MaTPUIIHI.
IIpu Takoii 3anucu MbI JIOJKHBI HOMHHUTH, KAaKUE HHJEKCHl TEH30pa ObLIN CBEPXY, a
Kakne cHu3y. T.e. cTOJOIBI, CTPOKM U KBaJPATHBIE MATPUIIBI MOT'YT OBITH <«pa3HBIX
copToBy. MBI MOXKeM, HalpUMep, CIATATH, YTO CTPOKA — KOBEKTOP, & CTOJ0er —
BEKTOP, HO JJIs MaTPUIL HAJO Pa3jndaTh 10 KpaifHell Mepe TpHU ciaydas: IBa BEPXHUX
WHJEKCA, JIBA HIPKHUX WHIAEKCA, OJIWH BEPXHUI WHAECKC W ofauH Hmxkomit. Ha camom
JieJie TAKOe pasjimdue 110 COPTaM MMeJIO MECTO yKe B OOBIYHON JIMHEHO! ajrebpe, rie
Mbl Pa3JIMYaIl MaTPUIbl JUHEHHBIX peoOpa3oBanuii (OJMH BEPXHUil MHJEKC U OJUH
HIDKHUN) U MaTPUIBI KBaIPATHIHBIX (opM (0ba MHJIEKCa HUZKHIE).



3.1 IIpaBmia nepeBosa

st mepeBojia ¢ MATPUYHOIO HA TEH30PHBIN SI3BIK U 00PATHO OyJIeM CUYUTATH, UTO
® IIEePBbIii UHJAEKC HyMepyeT CTPOKH, a BTOPOI MH/IEKC HyMepPYeT CTOJIOIbI,
® €CJIM €CTh BEPXHUIl U HUKHUI MHJIEKCHI, TO BEPXHUNA, KaK IIpaBUjIO, — IIE€PBbI.
W3 sroro ciemyer, 910
® TDAHCIIOHHPOBaHUE — II€PECTAaHOBKA MHJICKCOB,

® YMHOXKEHUE MATPUIl — CBEPTKA BTOPOI'O WHJEKCA IEPBON MaTPUIA CO IEPBBIM
WHJICKCOM BTOPOWA,

® cJIe]T MATPHUITBI — CBEPTKA MEPBOTO MHIEKCA CO BTOPBIM.

cTos1ber; — TEeH30p y KOTOPOI'o eCTh NEPBbINl MHJEKC, HO HET BTOPOTO,
® CTPOKA — TEH30P y KOTOPOI'O eCTh BTOPOIl MHJEKC, HO HET IIE€PBOIO,

B kauectBe mpumepoB mpuBeIéM ciepyromue GopMmysbl (He pasiudas BEpXHUE U
HUKHUE WHJIEKCHI )

(AT)ij = Aji,

(AB)ix = AijBjg,
(ABCD)ym = AijBjkCriDim,
trA = A;;,

tr(ABCD) = Ay Bj,Cr Dy,
(Aa)i. = Aijajoa

(2" A)ej = aeiAij.

Baeck y cTosibna/cTpoKH BTOPOI /TIEPBBIH OTCYTCTBYIOMIUI UHIEKC 0603HAYEH TOYKOI.
BekTop cumTaerca croJsiOIOM, TPAHCIOHHPOBAHHBLIA BEKTOp — CTpoKoil. Mbl He
pasyinvasu BepXHUE M HIKHUE WHJIEKCHI, HO 3TO Pa3/nvinue MOXKET OBbITh CyIIeCTBEHHO,
T.K. €CJu MbI OyJieM CBOpPAYMBATDL BEPXHUE HWHIEKCHI WJIM HUXKHAE C HIUKHUMU,
TO TMOJyYUBINHUHCH OOBEKT MOXKET He ObITh TeH30poM. Takke MepecTaBIsTh
(TPaHCIIOHUPOBATH) MOYKHO TOJIBKO WHJIEKCHI OJJHOTO THIIA.

Cremyer obparuTh BHUMAaHHE, 9YTO IIPU TEH30PHOM 3aluCH  IIOPSI0K
COMHOXKHUTeJIell He wurpaer HuUKakoili poJsm. Ta wundopmarus, KoTopas Ha
MaTPUYHOM $3bIKe <IMU(POBAIACH> B HOPAIKE COMHOXKUTENEH, TPAHCIIOHUPOBAHUU U
B3SITUU CJIEJIOB HA TEH30PHOM SI3bIKE <IMUMPYETCd» TeM, KaKhe UHICKCHI ¢ KaKUMU
CBOPAYNBAIOTCS.

TeH30pHBIIl A3BIK MPEIOCTABISET OOJIBIINE BO3MOXKHOCTA YeM MATPUYHBIA T.K. HA
MATPUIHOM $I3bIKE B3AIUCh TEH30POB HECYIUX TPU U 0oJiee MHIEKCOB OKA3BbIBAETCS
zaTpyauéHHoit. 1Ipu 9TOM TEH30pHBIN S3BIK MPEIOXPAHSET OT HEKOTOPBIX OIMHOOK,
HanpuMmep, OECCMBICIEHHO YMHOXKATb JAPYT Ha JApPyra MATPHUIIbI JIBYX KBaJIPATHIHBIX
dopM, TOCKOJIBbKY Pe3y/abTaT OyAeT 3aBUCETb OT CHUCTEMBI KOODJAWHAT. B TeH30PHBIX
0003HAYEHUAX ITOT 3AIPET BBIIMOJIHICTCS aBTOMATUICCKH, T.K. IIPU TAKOM yMHOXKEHIH
[IPUIILIIOCH ObI CBOPAYUBATH JIBA HUYKHUX MHJIEKCA, ITO HEJOIYCTUMO.



3.2 HexkoTopble npaBujia npeodbpa3oBaHUid

SamuieM Tenepb TpaBUja IPeoOpa30BaHUsi Jjisi HEKOTOPBIX THUIIOB TEH30POB HAa
MATPUIHOM $I3bIKE (ITH MpaBHUJIA YK€ M3BECTHBI HAM W3 JIMHEHHOI agrebpsl). Beeaém
obo3HaveHust JJIsd MpsiMOil u oOpaTHOU MaTpull Akodu:

-/

1
Al = Ox (AL =
T i i i
Ox ox
IIpu sToM OymeM cuuTaTh BEepXHUII WHIAEKC MEPBbIM. 3aKOHBI PEOOPa30BaHUS
JIUIS BEKTOPA U KOBEKTOPA B TEH30DHBIX U MATPUIHBIX 0003HAUEHUIX UMEIOT BHJL (MBI

cUUTaEM BEKTOD CTOJIOIOM, & KOBEKTOP CTPOKOif)

i'e 9z’ ie /
vt =S5 & v = Av,
Uej/ = % Uej = (u’)T = (Afl)TuT, = u =uAl

st ynobcTBa cpaBHEHNUS MATPUYIHBIN 3aKOH ITPEO0PA30BaAHNSA KOBEKTOPA Mbl BLITTACAIN
B JIBYX SKBHBAJICHTHBIX (bOPMAx: /IS CTPOKH U M Jjis crosbma u’. Mel BEIMM, 9TO
3aKOH NPeoGpa3OBaHUsl JJIsi BEKTOPOB U KOBEKTOPOB (T.e. yls CTOJIOIOB V U ul)
COBIIAJIAET TOTJA U TOJBKO TOTJA, KOTJIa

T.e. KOIJ[a MATPHUIA peodpa3oBaHmsl OPTOrOHAJIbHA.

Marpurpl uHEHOrO Npeobpa3oBaHusi BEKTOPOB MMEET OJIMH HUXKHUiT MHJEeKC (OH
CBOpAYMBAECTCS C BEPXHUM HHJEKCOM BeKTopa) u oauH Bepxuuii. [TpeobpazoBanue
JIEWCTBYeT Ha BEKTOD CJIELYIONUM 00pa3oM: A;-vj . 3aKoH TIpeoOpPa30BAHUS TAKOMN
MaTPHUIbI UMEET BU/L:

s/

A,L"// _ axl 7 ax]

J 9zt I dxd’

Marpurpr KBagpaTndnoit GOpMBI Ha BEKTOPAX HMEET JiBa HIDKHHUX HHJEKca (OHU
CBOpAuYMBAETCS C BEPXHMMHU WHiEKcaMu BeKTOpoB). Popma JeficTByeT Ha BEKTOpax
CJIEJTYFOIIM 00PA30M: Gijviuj = v Gu. Bakou npeobpasoBaHms TAKONH MATPHIIHI IMEET
BHI:

& A =AAATL (13)

ozt O0x?
Y 0zt Oxd’
IIpaBuiio nmpeobpazoBaHus MEPEIUCHIBACTCH HA MATPUIHOM SI3BIKE IIYTEM CJIEYIOIIX
pacCcyzKJIeHun:

Gy =G =Gy (AL (AT, e G =0HTeAT (14)

1. 4 — 1-it uagexc marpunbl G/, 3HAYUT OH JOJZKEH OBITH 1-M MHIEKCOM IIePBOr0O
MHOXKHTEJIsI B IIPABOH YacTu paBeHCTBa. B npasoil YacTu uHieKe i’ BCTpedaercst
B KauecTBe HUZKHEro (BTOpOTro) mHjeKca obpatoit Marpuipbt SIkobu A~L. Urobwt
HOMEHATDH MOPSJI0K MHIEKCOB MATPUILy HAJI0 TPAHCIOHUPOBATH. JHAYUT HEPBBIN
muozkuresnrs — (AT

2. 2-if MHAEKC 1-r0 MHOXKHUTEJA — 7, 3HAYUT 1 JOJKEH OBITh IEPBBIM HHIEKCOM
BTOPOrO MHOXKHTEJIsI. BTOpbIM MHOXKHATEIEM OKasbiBaeTcs (.

3. 2-#1 MHAEKC 2-T0 MHOXKHUTEJSI — J, 3HAUUT j JOJKEH OBITH INEPBBIM HHJIEKCOM
Tperbero MuozkuTes. Tperbum MuOMKHTETeM oKasbiBaercs AL,



4 Metpuka

Ecim MBI XOTHM OIpeJe/iuTh Croco6 IpeBpamaTh BEKTOPa B KOBEKTOPa € MOMOIILIO
CBEPTKH HAM Hy’KeH METPHMYECKHil TeH30p ¢;; (mempuka) ¢ IByMs HIKHAMA
UHJIEKCAMME: OJIMH HYZKHHUN UHJIEKC Oy/IeT CBOPAINBATHLCA ¢ BEPXHUM HHJIEKCOM BEKTODPA,

a BTOPOIi IPyroit ocraércst ¢cBOOOTHBIM
Vi = Gij 7. (15)

KoBekTop, mojiyueHHBII U3 BEeKTOpa MPUHATO 0DO3HAYATH TOH Ke OYKBOI, KOTOPOI
0003HAYMEH WCXOJHBI BEKTOP, IIOCKOJBbKY TEM CaMbIM OIPEIe/sdeTCs B3aUMHO-
OJIHO3HAYHOE COOTBETCTBUE MEXKJIy BEKTOpaMU U KOBeKTopaMmu. Takum obpazom
BEKTOP M COOTBETCTBYIOIINI €My KOBEKTOP MOYXKHO paCcCMaTpUBaTh KaK pa3/IMIHbIE
[IPEJICTABJICHUS OJTHOI'O OOBEKTA.

Ha merpuueckuii TeH30p g;; HaK/1abIBaIOTCA yCJIOBUS CUMMETPUYHOCTH

9ij = Gji (16)

(‘ITO6I)I OHpe,Z[eJIéHHOG C €TI0 ITIOMOIIBIO CKaJIAPHOE IIPOU3BE/ICHUE OBbLIO CI/IMMeTpI/I‘{HI)IM)
1 HEBBIPOXKJICHHOCTU

det(gi;) # 0 (17)
(qTo6bI MOKHO OBLIIO ITPOU3BOIUTH HE TOJIHLKO OITYCKAHUE, HO U IMOJHUMAHNE I/IH,ILGKCOB).
ObparHas MeTpuKa 3aJaéTcsd MaTpUIleil 0OpaTHOil K MeTpHKe, OHA HECET IIBa

BEepXHUX MH/IEKCa, T.e.
ik k
gij g] = 61 . (18)

To, aro obparHasi MeTpUKaA JIEHCTBUTE/HHO SIBJISIETCS TEH30POM C JIByMsl BEPXHUME
MHIEKCAaMHU JIETKO IPOBEPUTH C IIOMOIIBIO OIIPEICJICHU TeH30Ppa WU IIPU3HaKa TeH30pa.

C moMoIpi0 METPUKN (1/1 COOTBETCTBYIOIIEH eif obpaTHoit MeTpI/IKI/I) MBI MOXKeM
OIIPEAEJIUTL CKaJIAPHOE IIPOU3BE/ICHUEe BEKTOPa Ha BEKTOPa Ha BEKTOP, WU KOBEKTOPA
Ha KoBeKTOp. ([ljisi ompejiesieHnsi MPOM3BE/IEHNsI BEKTOPAa HA KOBEKTOP METPUKA He
HYy?KHA, JIOCTATOYHO OOBIYHON CBEPTKHU. )

(a, b) = aibi = aibi = aibjgij = aibjgij. (19)

CkausipHblii KBagpaT BekTopa dr' 3a7aéT KBaJpaT pacCTosHus (MHTepBasa) MeXK Ly
JBYyMsI OECKOHEYHOOIM3KIMU TOYKAMUI

ds? = g;; da’ da?, (20)

3aJlaBas TeM CaMbIM IIepBYIO KBaJIpaTUdHyl0 GopMy. 3aluch METPUKU dYepes
PaCCTOsTHUE MEXK/LY JIBYMsl TOUKAME, KOTOPOE SIBJISIETCSI HHBADUAHTOM (CKAJISIPOM ) IaCTO
OKa3bIBAETCsI OYEHD YI0OHOIA.

4.1 Merpuka MUHKOBCKOTO

PaccmoTrpuM BasKHBIN 71T Teopuu ToJisi caydait MeTrpuku MwuakoBckoro. Ilpsimas u
obpaTHast MeTprKa MIHKOBCKOT'O MOXKET OBITH 3allMCaHa KaK MaTPHIA

41 0 0 0 41 0 0 0

o 0 -1 0 0 . 0 -1 0 0

ij = o o0 -1 o 97 0o 0 -1 o0 |’ (21)
0 0 0 —1 0 0 0 —1



WM KaK KBaJIpaTuaHas (popma
ds* = dt* — da? — dy? — d2*. (22)

(3ech U Jajee CKOPOCTb CBeTa — €JMHUYHAsi CKOpocTb ¢ = 1.) B koopamHarax
(t,z,y, z) omyckamne muaekca y Bekropa A’ = (A!, A% AY, A*) naér xosekTop A; =
(At7 Aw) Ay7 AZ) = (At> _Axa _Ay7 _AZ)'

CKaJigpHOE IIPOM3BEIEHUE JBYX 4-BEKTOPOB IIPH MCIIOJIL30BAHMHA CTAHIAPTHOM
dopMbl MeTpuK MUHKOBCKOIO MOXKET OLITH IIPEICTABICHO KaK

(A,B) = A'B;=A;B'=A'Blg;; = A;Bjg" =
= AOBO + AlBl + AlBl + AlBl = A()BO + AlBl + A2B2 + A333 =
A'BY — A'BY — A’B? — A®B? = AyBy — A1B; — AsBy — A3Bs.

Ob6parnTe BHUMaHHe, 9TO MUHYCHI BOSHHKAIOT HE BO BCeX (pOpMax 3aliCHh, & TOJBKO
TaM, e HAJI0 MOJHUMATE /OIYCKATh WHJIEKC ¢ MOMOIILI0 MeTpuku. [Ipu 3amucu, Korjaa
OJINH BEKTOP C BEPXHUM HHJIEKCOM, a JPYTO#l ¢ HUXKHUM Ha/I0 IIPOCTO TPOCYMMUPOBATH
pou3Be/ieHnst KOMIIOHEHT. (JIuwmnue Munycy 6 makom caysae npedcmasasrom cobot
docmamouno pacnpocmpanéunyro owubxy. )

Mpbl Jlerko MOYKeM IIepenucarTh METPUKY B HOBBIX KOODJMHATAX BBIPA3UB B HUX
WHTEPBAJ, HAITPUMeED:

u=1t+x, v=1—w,
ds* = dt? — da* — dy? — d2? = (dt + dx)(dt — dz) — dy? — d2* = dudv — dy* — dz>.

Takum obpaszom, mpsiMasi 1 obpaTHast MeTprka MUHKOBCKOrO B KoopauHaTax (u, v, Y, 2)
[IPEJICTABIISIOTCA KaK

03 0 0 02 0 0
1
5 0 0 0 1 20 0 O
L= 2 i
93 00 -1 of Y 00 -1 0 (23)
0 0 0 -1 00 0 -1
B HOBBIX KOOp/IMHATAX OIMyCKaHWE WHJIEKCA Yy BEKTODPa AT = (A%, AV AY A%) naér
KOBeKTOp Ay = (Ay, Ay, Ay, A;) = (%A”, %A“, —AY, — A7),
4.2 EBkimagoBa meTpuka
B ciyuae, eciim meTpuka 3a1aéTcst € TMHUIHON MaTPHIEi
100 1 00
Gop=0ap=| 0 1 0|, g®=6=10 1 0|, di*=da®+dy*+d?
0 01 0 01
(24)

HOJIHMMAHNE/OllyCKAHNe WMHJEKCA He NPUBOJUT K W3MEHEHHIO KOMIIOHEHT TEH30DA.
DTO COOTBETCTBYET JIEKAPTOBBIM KOODAMHATAM. llepexoj MexKiy pPasinuHbIMU
JIEKAPTOBBIMA KOOD/IMHATAME OCYIIECTBIISIETCS ¢ TIOMOIIBIO JIMHEHBIX OPTOrOHAIBHBIX
npeobpazoBanuii. B TakoM ciaydae Mbl MOXKEM He Da3jMvaTh BePXHHUE W HUKHUE
uHzeKkcel. B dusuke 10T coydail BeTpedaercss HaAM IPU PACCMOTPEHHN TPEXMEPHOIO
eBKJINJIOBOIO TIPOCTpPaHCTBa (CedeHust ¢ = const 4-MEpHOro NpOCTPAHCTBA-BPEMEHU
MuHKOBCKOIO).
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5 AHTUCHMMeTpPUYHbIE TEH30PbI

5.1 3-MepHBbIil TOJHOCTHIO AHTUCUMMETPUYHbINI CUMBOJI
5.1.1 Omnpegenurenb u 06bLEM

ITotipobyem 3ammcatb B BHJE CBEPTKU OIPEIEIUTE]b MAaTPUIIBI, COCTABICHHOIM
U3 KOMIIOHEHT BEKTOpOB (KaxKiasi CTpoka — BekTop). [l Hauama paccMoTpum
TPEXMEPHBII CIy4dail.

at a* a3
A= ot » b (25)
23
det A = Z €apra®b’c (26)
a#B47a

31ech ey = £1, +1 cooTBeTcTBYeT TOMY, UTO (v, 3,y 00PasyIoT YETHYIO IIePeCTaHOBKY
1,2,3, a —1 cooTsercTByeT HeYETHBIM IepecTaHoBKaM. [loonpenenum eqg, HylaéMm Ha
cJtydaii MOBTOPSIIOMIUXCST MHJIEKCOB. DTO MO3BOJISIET PACIPOCTPAHUTHL cyMMy (26) Ha Bce
BO3MOKHDBIE KOMOMHAIINN WHJIEKCOB U 3aIMCATh €€ B BUJE CBEPTKU:

3
det A = Z eamao‘bﬂéY = eozg,yao‘bﬁc“Y (27)
a,By=1

JlaHHBII olpene/MTeIb 3a1a6T 00bEM HapaJlIe/IelniIela HaTIHyTOr0 Ha TPU BEKTOpa
a, b, c.

Kak Mbl 3HaeM M3 MaTeMaTHYeCKOTO aHan3a, O0ObEM OCTAETCA HHBAPHAHTHLIM
JIJIsT TIpeobpa3oBaHmii KOOPAUHAT C €IMHUIHBIM sTKOOMaHoM. Kcan MBI OrpaHnInBaeMcst
TakuMu peobpasoBanusivu, T0 det A — wHBapmaHT (CKaJsIp) IS JIIOOOH TPOKN
BEKTOPOB a, b, c. Bocno/b30BaBIInch MPU3HAKOM TEH30PA Mbl MOXKEM 3aKJIIOUYUTH, 9TO
€ay — TEH30D, OTHOCHTEIbHO IpeobpasoBaHmil, ¢ eMHUYIHLIM AKOOMAHOM. 3aMeTuM,
9TO B YUCJIO TAKUX ITPe00pPas3s0BaHUil MOMAAai0T TOBOPOTHI U IIpeobpa3oBaHnust JIopeHIa.

O0bEM HaATSHYTOTO Ha 3 BEKTOpa MapaJsiiejIelulena COOTBETCTBYET CMEIIaHHOMY
[IPOUBBEIECHUIO

det A = enp3,a°0°c? = (a,b,c) = (a,[b x c]) = ([a x b],c). (28)

Mbr moxkem OIIpeae/inTb BEKTOPHOE IIPOU3BEJCHUE TakK, 4TOOBI  OHO JaBaJio
CMeEIIIaHHOE ITPOU3BEACHUE IIPU CKaJIAPDHOM YMHOXKECHUU Ha TpeTI/IfI MHOXKUTEJIb!:

1

e e’ e
[axb]=det| a' a® @ | =€ 6a5~,a6m7 (29)
btobv? b
I
[a x bl = eqp,a’b. (30)

5.1.2 IlpousBeageHme AByX aHTUCUMMETPUYHBIX CUMBOJIOB

«JIerko BuIeTH», YTO MPOUBBEJIEHNE JIBYX AHTUCUMMETPUIHBIX CHUMBOJIOB MOXKET ObITH
BAIMCAHO CJIEIYIONNM 00pa30M:

5au 6au 5aA
€afyCuv = det 55# 55V 6ﬁA . (31)
Oyp Oy Oy
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Yrobbl yBUAETH, 4YTO 3Ta (GOpMYJa U B CAMOM Jeje OYEBUIHA PACCMOTPHUM, UTO
oHa JAET NpPH KAKUX-TO (DUKCHUPOBAHHBIX 3HAYEHUAX «, 3,7, 1, V, A. JleBag wgacTb
BBIDaYKEHUs, B CUJIy AHTUCUMMETPHUM CHMBOJIOB €, OTJIMYHA OT HYJIS TOLJA U TOJBKO
TOr/1a, KOTJa TPOUKY v, 3,7 U (i, ¥, A COCTOAT U3 TPEX Pa3HbIX HHAEKCOB. [IpaBas vacTb
00J1aJ1aeT TOoil XKe aHTUCUMMETpHUEil, T.K. IepecTaHOBKA apbl HHIAEKCOB 13 Habopa «, 3, 7y
COOTBETCTBYET MEPECTAHOBKE CTPOK OIIPE/IEIUTEIs, & [IEPECTAHOBKE ITaphl MHJIEKCOB U3
Habopa (4, ¥, A COOTBETCTBYET IepecTaHoBKe cToIONoB. [Ipu sToM JieBas 1acThb jgaét +1,
KOIJIa TPOMKa [, V, A MOJIyIaeTCsl U3 TPOUKU «, (3,7 UYETHOH IepecTaHOBKOH, m —1 —
JIIsT HEYETHBIX TIePecTaHOBOK. TakuMm 0Opa3oM, JIOCTATOYHO IIPOBEPUTH PABEHCTBO JIJIst
ojiHOrO Habopa MHJEKCOB (6e3 moBTOpeHuil B Tpoiikax), HAIIpUMED

011 012 013 1 0 0

e123€123 = det 091 092 093 = det 01 0 =1,
031 032 33 0 01
033 031 032 100

ego1€312 = det 093 091 099 = det 0 0 1 =—1.
013 011 012 010

MpbI BUJUM, 9TO IIPU PACKPBITHH TAKOTO OMpEIeuTe s oyuaercs He 3! = 6 weHoB,
a TOJIbKO OJIMH, PaBHbBIH +1, B 3aBUCUMOCTU OT YETHOCTU MEPECTAHOBKHU.
PaccmoTpum Taxkxke CBEPTKHU CJIEIYIONIErO BUIA:

CaByCaly; CaByCufys CafyCuvy-

ITockosbKy MBI CBOpauMBaeM Iapbl HUKHUX WHJIEKCOB IIPEIIOJAraeTcs, YTO TEH30DbI
3allUCaHbl B JIEKapTOBBIX KoopauHaTax. OJHAKO, BBIKJIAJIKU JIETKO 0000INAIOTCS Ha
crydail IPOU3BOIBHON METPUKHI IyTEM 3aMEHEl 03 HA ;.

IlonaTHO, YTO MAHHBIE CBEPTKM MOXKHO JIETKO IOJYYNUTH PACKPBIB OIPEICIUTENb,
Jepe3 KOTOPBIi 3allMCaHO MPOUBBEICHHE €q4~€) ), OJHAKO JJIsA GOIBITMX pasMepHoOCTell
npocrpancTBa D 3TOT cmocob OKa3blBaeTCsl 3aTPYQHEH TeM, YTO OIpeJe/nTesb
conep:kuT D! 4jIeHOB.

IlepBast cBEpPTKa JIEFKO BBIMUCISIETCS] €CIM Y9IECTh, YTO OHA COOTBETCTBYET CyMMe
KBaJpaToB BCeX 3JIEMEHTOB TEH30pa:

3

Caprtasy = 3 (capy)= . (£1)?=31=6. (32)
oB=1 atf#rFa

Bropas cépTka 3a7aT TEH30D ¢ AByMs CBOOOIHBIMU UHIACKCAMU & U [4. [[ocKoIbKY
ICeBJIOTEH30D €43, MHBAPUAHTEH OTHOCUTE/ILHO IOBOPOTOB CBEPTKA €43,€,3, TaKiKe
JIOJIKHA, OBITH TEH30POM HHBAPHAHTHLIM HIpU moBoporax. OIHAKO, €IMHCTBEHHBII
TEH30p ¢ ABYMsI MHJIEKCaMi (MATPHIA) WHBAPHAHTHBIN NMPH MOBOPOTAX — €IMHUTHAS
MaTpHUIA YMHOXKEHHas HA CKaJIAp:

€apyeusy = Cap-

Yro0bl OIpene/uTh KOHCTAHTY ¢ CBEPHEM Mapy HWHIEKCOB «, i, CBEIs 3a/ady K
peJblayIei:
6 = eapyasy = Claa = 3¢ = c=2

CapyCusy = 2dap- (33)
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Tperbst cBEpTKa 3aa€T TEH30P C YETBHIPbMsi CBOOOIHBIMU WHIEKCAMH «, (3, (i, V.
DTOT TEH30p TaKKe MHBAPUAHTEH IIPU IIOBOPOTAX, OH MEHsIET 3HaK IPU IIePECTAHOBKE
WHJIEKCOB «,3 W TIpU IIepecTaHOBKe WHIEKCOB [, V. llpu mnepecTtaHOBKe Tapbl
WHJEKCOB «, 3 ¢ mapoit W,V TeH3op mepexoauT B cebsa. Ilpm sTOM TeH30p T0/KeH
KOHCTPYUPOBATHLCsI U3 0-CUMBOJIOB (9TO MOYXKHO JIOKA3aTh U3 CUMMETPUU OTHOCUTEJHLHO
IIOBOPOTOB, HO TIPOIIE COCJIATBCSA Ha TO, UTO IPOU3BEICHUE €03~C )\ PACIUCHIBACTCA
Jepe3 §-CUMBOJIBI, & IIPOBOJANMAs C STHM IPOU3BEICHUEM CBEPTKA HE MOXKET ITOPOIUTD
HIIero Kpome KOM6I/IH&HI/II/I 5—CI/IMBO.HOB U YUCJIOBBIX NIHOH(HTGHGﬁ). STO II03BOJILAET
3aIICaTh OTBET ¢ TOYHOCTBHIO 10 UNCTIOBOI'O MHOXKUTEJIS:

CapByCuvy = C/(‘Sau‘;ﬁu — SavOpy)-
UT0ObI OIIepeUuTh KOHCTAHTY ¢ CBEPHEM MHIEKCHI (3 M U/, CBeJd 3aJa4dy K IPeIblLyIIeil:
26&# = CaByCuBy = C,((sau(%g — 5aﬂ5ﬁu) = Cl(5a#3 — (50[“) = 2504; = d=1.

Takum obpazom,
€apyeury = Oapdpy — darpy. (34)
ﬂaHHaH d)OpMy.Ha IIOJIE3Ha IIPpU MHOTUX BBIYHUCJICHUAX I/ICHOﬂb3yIOIHI/IX BEKTOPHBIE

npousBeeHus U poropsl. Ilo cymecTBy ona cooTBeTcTBYEeT popMye «Oar-MuHyc-mab»
JJIA ,HBOfIHOI‘O BEKTOPHOTI'O ITPOU3BEICHUA:

[a x [bx clla = eapyas[b x ¢y = eapyapeyubucy =
= €apyeunapbucy = (Sapdpy — davdpu)asbucy =
aybacy, — aubuca = bo(a,c) —co(a,b) = (b(a,c) — c(a, b))a.

5.2 AHTHCUMMeTPUYHBbIE TE€H30PbI U ONPEaeINTEIN

Belimre MBI paccMOTpen ONpene/nTe/lb MATPHUIBI COCTaBIeHHON 13 3-X BeKTOpoB. OH
OKa3aJICsl MHBAPUAHTOM JIjIst IPeoOpa30BaHUil C € IMHUYHBIM sikoOnanoMm. Eciiu 3amnmucaThb
dopMyITy TSt OIIpeaenTe sl Yepe3 KOMIIOHEHTBI MaTPHIILI, TO Oy IUBIIasIcsa (opMyJIa
OyIeT COOTBETCTBOBATH HE CKAJIAPY, & KOMIIOHEHTY 1,2,3 HEKOTOPOIr'o TEH30pa

det A = eqpyA1aA2sA3y = Thas,

Tux = eapyApadup Ay

Tensop T}, IOMHOCTBIO AHTUCUMMETDHYEH, T.€. OH MeHseT 3HAaK IIPH IIepeCTaHOBKU
MoOBIX ABYyX mHAEKCOB. M3-3a anTncmvmerpun T),,\ HOJHOCTBIO ONPEENAeTCA OHON
cBoeil kKommoneHToit Tjs3. Bce ocranbHbIe KOMIIOHEHTBHI WA PABHBI HYJIIO, WJIN
[TOJTy YAIOTCST U3 9TOM IMepEeCTAHOBKON MHIEKCOB. TakuMm ob6pa3oMm,

ij)\ = eag,yAMaAyﬁA)\,y = €uv) Thog = €uv det A. (35)

Csepnys Ten30p 1), € €4\ MBI MOKEM, BOCIOJIB30BABHINCE (bOpMyIIoii (32) BhIICATH
OIIPEJIE/INTEIIb Yepe3 CBEPTKU

1 1
det A = 6Tuy>\€,w)\ = 31 €uv\afy AuaAu,@AA7~ (36)
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5.3 4-MepHBbIl TOJHOCTHIO AHTUCUMMETPUYHBbINI CUMBOJI

4-MepHBII IOJIHOCTHIO AHTUCHUMMETPUYHBIA CHMBOJI HeCET 4 WHJEKCa MU IIOJHOCTHIO
OlpeJIeIsieTcsi KOMIIOHEHTOIH eg123. IIpuHsiTo BbIOHpaTh €9123 = —1. (Torma B Merpuke
Munxkosckoro €23 = 41.) Amajorm4so 3-MepHOMY CJIy4aio Mbl MOYKEM 3allHCATD
Ipou3BeJcHNEC 1 CBépTKI/I ABYX AHTUCUMMETPUYIHBIX CUMBOJIOB Y€epe3 (5—CI/II\JBOJ'IBI:

5, 0 & 4
5, & & o)

A |

Om On 0o Oy
eijkleijkl = —4l, eijklemjkl = 3! 5fn, ekle, = —2!(53715% — 5;5{71), (38)
€M ermnot = — (61,0005 + 01,0308, + 5503,0% — 61,636) — 64,67,05 — 656%,6%,). (39)

5.4 JlyaJapbHOCTb aHTUCMMMETPUYHBIX TEH30POB

M3 pmamboro pasiena MHUHUMAJIBHO HEOOXOMUMBIM I U3YyUE€HUd Kypca TEOpUH
110JIA dABJIFETCA OIpeJiesIeHUEe JyajIbHOCTH JJIl aHTUCHMMETPUYHOI'0 TEeH30pa C JAByMd
WHJIEKCAMU B 4-MEPHOM IIPOCTPAHCTBE.

[TomHOCTBIO AHTUCHMMETPUYHBIH TEH30p (MEHAIOIINI 3HAK [PHU [E€PECTAHOBKU
JIIOOBIX JIByX WHJEKCOB) C ¢ WHJEKCAMH B [D-MEPHOM HPOCTPAHCTBE MOXKET HMMETh
ne Gojiee ueMm (,%Jq)! HEHYJIEBbIX KOMIIOHEHT (BCe KOMIIOHEHTBHI C HOBTOPSIOIIUMUCS
WHJAEKCAaMU PaBHBI HYJIIO0 B CUJIy AHTUCUMMETPHUHU, ecju ¢ > [), TO BCe KOMIIOHEHTBI
AHTUCUMMETPUYHOIO TEH30pa paBHbI HY/I0). 3 3THX KOMIIOHEHT He GoJiee dYeM
C’% = ﬁ, T.K. KOMIIOHEHTBI HyMepyeMbIe OJMHAKOBBIMU HAOOpaMU WHJIEKCOB,
PACIIOJIOYKEHHBIX B PA3HOM HOPSJIKE COBIAJIAIOT C TOYHOCTBIO /10 3HAKA. CqD — YHCJ0
€110co00B, KOTOPBIMYU MO2KHO BBIOPATh ¢ PA3HBIX MHJIEKCOB U3 [ BOZMOXKHBIX 3HAYEHUN
(6e3 yuéra mopsizika ciejgoBaHust MHIEKCOB). [TockobKy C’]% = C’g*q = m
OKAa3bIBAETCS, YTO YUCJIO HE3ABUCUMBIX KOMIIOHEHT JIJIsi AaHTHCUMMETPUIHOTO TEH30DPa
C ¢ WHJEKCAMH W aHTHUCUMMETPUYIHOTO TeH30pa ¢ D) — ¢ WHJEKcaMu COBITQJAeT. DTO
IT03BOJISIET YCTAHOBUTH MEYK/Iy TAKUMHU TEH30paMU B3aNMHOOIHOZHAYHOE COOTBETCTBUE.
IIpu sTOM COOTBETCTBUU KOMIIOHEHTA HyMepyeMasl OIpeJIeJEHHBIM HabOpPOM U3 ¢
WHJCKCOB OTOOpaXkaeTcssi B KOMIIOHEHTY, Hymepyemyio ) — ¢ WHAEKcaMu, KOTOPBIE
B IIepBOHAdYabHBIN HabOp He Bxojamiu. Hampumep, JIyajbHOCTH YCTAHABJIUBAET
B3aMMHOOJHO3HAYHOE COOTBETCTBUE MEYK/Iy aHTUCUMMETPUYHBIMU MAaTPUIIAMHU 3 X 3 U
3-MEpHBIMH BEKTOpPAMHU (3TO COOTBETCTBHE XOPOIIO U3BECTHO M3 MEXAHWKN).

JlyaJIbHOCTD OIIPEJIEJIsIeTCs € TIOMOIIBIO CBEPTKU BCEX MHJEKCOB MCXOJIHOI'O TEH30Da
C UHJEKCAMU IIOJIHOCTHIO AHTUCUMMETPUYHOI'O TEH30DA.

B 3-mepuom ciyuae:

N 1
(@)aﬂv = o P EaBy, (40)
1 0 a, —ay
(é)ﬁ’y = F Qo €y = —ay 0 ay ) (41)
’ ay —az; 0
- 1
(M)y = o Mapeapy = > Mag eapr, (42)
) a<(
~ 1
T = 30 Tty €apy = Th23 €123 = T123. (43)
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B cnydae, korma cBopadmBaeTCs ¢ AP WHICKCOB AaHTHUCUMMETPUYHBIX TEH30POB,
KaxKJIplil “WIeH CyMMbI TOBTOpsiercss ¢! pa3 (C pa3HBIM yIOPSIOYEHHEM WHIEKCOB),
[IO3TOMY JIJIsi T€X CJIy9aeB, KOIJa CBOPAYMBAETCS 0oJiee ONHON Mapbl MHIEKCOB, MBI
npuBen 60jee yA0OHBIE JIA PACIETOB (POPMYJIbI, B KOTOPBIX CyMMHPOBAHHUE BEIETCS
TOJIBKO TI0 YIOPSIJOYE€HHBIM HAOOpaM HHJIEKCOB, B PE3yJbTaTe Yero MCYe3aeT ITOBTOP
OJIMHAKOBBIX YJIEHOB B CyMME.

B TpéxmeproMm  ciayuae (eBKJIMZOBA ~ METPUKA)  JBAXKJbl  JIyaJIbHBIi

AHTUCHMMETPUIHBIN TEH30D COBIAIAET C MCXOMHBIM A = A.
B 4-mepHoM ciyuae aHAJIOTUYHO:

~ 1
(Mg = o [ €ijkt, (44)
- 1 .
(A = I A e, (45)
- 1 .. .
(F)kl = 5 FZ] eijkl = Z FU eijk‘l’ (46)
’ i<j
. 1. g
(T, = 30 T e = > T e, (47)
’ i<j<k
. 1 .
K = g KZ_]kl eijkl _ K0123 €023 = _K0123 _ K()123. (48)
B 4-mepnom ciayuae (Mmerpuka MUHKOBCKOTO) JBazK/bl JyasbHbIH aHTHCHMMETPHIHBII
TEH30P COBIAIAET ¢ UCXOMHBIM ¢ TOUHOCTLIO 10 3Haka B = —(—1)1P~9 B,
6 Habua
OcranoBumcs nosipobHee Ha nuddepeHiuagibHOM oreparope Habja. Popmyria
0
Vi= % (49)

CIIpaBeJIuBa JIJIsi CJIydasi, KOTJa OlepaTop JeHCTBYeT Ha CKaJsp, JIMOO KOrjia MeTPUKA
HE 3aBHUCHUT OT KOOpJAWHAT, T.€. KOTI'/Jla KOOP/JIWHAaATbl HE ABJIAIOTCHA KpI/IBO.HI/IHeIU/IHbIMI/I
(X0Tst MOTYT OBITH KOCOYTOJIbHBIME). Jlist KPUBOJIMHERHBIN KoopauHaT 3Ta (hopmysia
ClIpaBe/JinBa TOJIBKO JIJIs1 CKaJIAPOB, T.K. JIJ1sl TEH30POB JIDYTUX TUIIOB B KpHBO.HI/IHGf/iHbIX
KoOpJnHaTaX 0a3nuc 3aBUCUT OT TOYKM U JAudDepeHnupoBaTb HAJAO0 HE TOJHLKO
KOMIIOHEHTHI T€H30pa, HO U Oa3uc.

Omeparop Habsia HECET HIKHUIT (KOBAPUAHTHBIN) WHIEKC, OJHAKO STOT HHJIEKC
MOXKHO TIOHSTH

Vi=g"V;. (50)

st MEeTPUYIecKoro TeH30pa He 3aBUCSIIEr0 OT KOOPIMHAT MOYKHO BBECTH KOOD/INHATEHI
¢ HIKHUM (KOBAPMAHTHBIM) HHJIEKCOM U ONPEJEIUTH 4Yepe3 HUX Oreparop Habja
BepXHUM (KOHTPaBapPUAHTHBIM) WHJIEKCOM

o 9 .
V'=¢"YV, = e x; = gija’, gij = const. (51)
K3

OnHako, BBEIEHUsT KOOPAUHAT C KOBAPUAHTHBIMU HMHIEKCAME JIYUIe N30eraTh.
Jlist JIeKapTOBBIX KOOPJIMHAT B €BKJIMJIOBOM IPOCTPAHCTBE MbI MOXKEM, KaK yKe
YIOMUHAJIOCh paHee, He Pa3andaTh BEpXHUE U HUXKHUE UHICKCHI.
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6.1 3-mepHbIii ontepaTop HabJia

PaccMoTpuM HEKOTOpBIE TIPUMEPBI UCIIOJIB30BaHUS OlEpaTopa Hab/ia B JIEKAPTOBBIX
KOOpJMHATaX 3-MEPHOM €BKJIMIOBOM IIPOCTPAHCTBE, T.€. B CJIydae, KOIJa MeTPUIeCKIi
TEH30D 33JaTCA 0-CUMBOJIOM (o3 = 0qg, X MBI MOXKEM He Pa3/IMYaTh BePXHUE U HUZKHUE
WHJIEKCHI.

3aMeTuM, 4TO, MMOCKOJIbKY, BCs Ta HH(MOPMAIUs, KOTOpas paHee «IU(pPOBAIaACh> B
MIOPSIZIKE COMHOXKHTE e Tereph «IMudpyercs» B HHIEKCAX MBI MOYXKEM PaCIojiaraTb
MHOXKUTEJU B IIPOU3BOJILHOM IMOPsiJIKE. DTO, B YaCTHOCTH, IO3BOJISIET PACIOJIATaTh
omepaTopbl HabJa TakK, UTOObI Bce (QYHKINUM, HA KOTOpbIe JEUCTBYeT IaHHBIH
oreparop 6bLIN cripaBa OT HEro (TeM CAMBIM OTIAAeT HEOOXOJAUMOCTh B CTPEJIOYKAX,
YKa3bIBAIOIINX HA Kakue (DYHKIUK JAeHCTBYeT JaHHBIA OIepaTop).

C wucnosib3oBanueM oreparopa V Mbl MOXKEM JIEI'KO 3alllCaTh CTaHIaPTHLIE
nuddepeHIuaIbHble OIepaTOPbl BEKTOPHOI'O aAHAJII3A!

(grad 90)04 = va@a ( )
diva = (V,a) = Vaaa, (53)
(rota), = [V x alq = €apyVa-, (54)
Np = (V, V) = VaVap (55)

OcHoBHBIME J1JTsT HAC OYIyT hopMy/bl quddepeHIInpOBAHIS CIOXKHBIX (PYHKIANA 1
CJIIYTOIIHE O9eBUIHBIE (POPMYJIBL:

T
Vaxg = g%i = 0o, Var =ng = TO‘, daa = 3,
5a,3T~-yﬁl/~-~ = T...Mau‘.., €aByCuvy = (50[#5/3,, — (50[,/(5@“
(a,b) = aqbo = dapaabs, [a x b], = eqgyagby.

U3 npuBeénHoro Habopa, jgokazkeM hopmyiry st Vo1 (octaibhbie (opMyJibl JIH60
y7Ke JIOKa3aHbl, JTH00 OYEBUIHBI O€3 JOKA3aTEIbCTBA).

1
(gradr)e = Vor = Vo /T3 = m Valzgrsg) =
1 1 Ty Loy

= 2\/@2%%%_ Wxﬁdaﬁ = N7 = = Ng.
Ty xe dopMyay MOXKHO JOKA3aTh YCTHO, €CJIM BCIOMHHUTH, 9TO I'PAJUEHT — BEKTOD
B HAIpaBJICHUU HAMCKOpeiimero pocra (QyHKIWH, IJIAHA KOTOPOI'O COOTBETCTBYET
IPOM3BOAHON B 3TOM HampasjicHun. OUeBUAHO, OJjs T HaIpaBIeHHe HACUKOPEHIIero
pocTa — HapyKy IO pagmycy. IIpwm 3TOM HIpOM3BOJILHAA OT T IO pajauyCy paBHa 1,
caeiopaTebHo grad T — eJIMHUYHLIN BEKTOp HalPaBICHHBI 10 pajuycy n = .

B kadecTBe mpmMepa IOKaxKeM MArHATOCTATHICCKYIO (DOPMY/Iy [JIs SHEPIUH
CHCTEMbI TOKOB (Uepe3 ILUIOTHOCTh TOKa M BEKTOP-NOTEHIMa ). B MarHuTOCTATUKE BCE
BCJIMYMHBI HE 3aBUCAT OT BpeMeHH. MarnnTHas SHEprusa MOKeT ObITh 3aIiCaHa

1

H? 1
gmagn. = / 87 dS-T = 87 (H,H) d31‘ = g /(H,I‘Ot A) d3x

,Haﬂee Ha/J10 U3BJIEYb BEKTOP-IIOTEHI A A us 1101, pOTOpPa

(H,rot A) = H, (rot A)y = Hy eapy VA, = eapy (VA Hy — Ay VH,) =
= Vg(egvaAvHa) + A, (e,yga VﬁHa) =div[A x H] + (A, rot H).
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rot H pacnmimem depes coorercrByiolee ypapaenne Makcpeiuia (HamomanM, ¢ = 1,
[OJIsT OT BPEMEHH HE 3aBUCST)

OE

Takum obpazom

1 1 1 1
Emagn:&T/div[AxH]d?’a:—i—2/(A,j)d3x:87T [AxH]ds+2/(A,j)d3x.

Warerpaj oT AUBEPreHIUN IEPEIUCHIBAETC Yepe3 IOTOK CKBO3b I'DAHUILy 00JIaCTH
WHTErPUPOBAHUs, KOT/Ia 00JIaCTh UHTEIPUPOBAHUS PACIITUPSIETCS HA BCE MPOCTPAHCTBO
9TOT MHTErPaJl CTPEMUTCS K HYJTIO (B MIPEINOIOKEHIH, UTO BCE OIS CO3AAI0TCS TOKAM,
TEKYIIUME B OFPaHUYEHHOI obacTu mpocTpancTBa). OKOHYATENBHO MOJIyYaeM aHAJIor
[IIPOKO U3BECTHOMN 3JIEKTPOCTATUIECKON (DOpMyIIbl Ep = % [ ep d3x

gmagnA = 1/(A7.]) de.

2
B kauecrBe Apyroro npuMmepa IIOIyUHM IIOJ€ MATHUTHOIO JMIIOJS U3 M3BECTHOIO
mxn
BEKTOp-ToTeHnnama A = T]
[m x r]
H, = (rot A), = ( rot ) = eapy V3 Fev My | =

07

1 1
= €aByCyuMu Vg (73 :U,,) = (6audpy — dawdpu)my, Vg <73 a:,,> =

1 1
=mqa Vg (7‘3 x@> —mgVg <7333a> =

1 1 1 1
(ﬁvlgwg + xﬁvﬁﬁ’) —mg <7£Vgxa + Hjavﬁgrg> =

=m

(03
_ 0ps  ,%pTs Oap _ oTalp _
TMa "3 7075 | T e
3 37’2 Ma | oM3Taly 3(m,r)r — r’m
— m —_ R —_—— —_ .
a3 2.5 3 5 5 .

! BamvaTenpHbIi unTaTe s MOXKET OGPATHTH BHHMAHWE HA TO, UTO SIEKTPHICCKHI M MATHHTHBIIL
JIATIONHU YCTPOEHBI II0-PA3HOMY. DJIEKTPHYECKUN JTUIIOb MOYKHO IIPEJICTABATH KaK Iapy 3apsioB —Q
u Q, KoTopble pasjessiercst BekTopoM R, B mpegere, xorjga Q — oo, |[R| — 0, d = QR = const.
IIpu sTOM BCIOAy B IJIOCKOCTH pa3esIsionieil 3apsiibl SJIeKTPUIECKOe IIO0JIe HAIIPABIIEHO B OJHY CTOPOHY
(or @ ¥ —Q), 9TO mAéT CyMMAapHBIA NOTOK B 47(). MarHUTHBIA AMIOAL MOXKHO IPEICTABUTHL cebe
KaK BHUTOK C TOKOM [, momazpio S ¥ HOpMAaJblo K ILUIOIIAJM BUTKA N B mpenese, korga I — oo,
S — 0, m = ISn = const. IIpy 3TOM B IJIOCKOCTH BHUTKa MAarHUTHOE II0JI€ BHYTPU U CHAPYKU
BHUTKa HAIPABJIEHO B IPOTHBOIIOJIOXKHbBIE CTOPOHBI, IIPUYEM CYMMAaPHBIH IIOTOK Yepe3 IIOCKOCTh PaBeH
nyifo. [TosryueHHoe HamMu Bl BbIpasKeHNE HE ONMCHIBAET MAIHUTHOIO IOTOKA CKBO3b BUTOK ITOTOMY,
9TO MBI HE pPAacCMaTPUBAJIM IIOBEJIEHHE IO B ocoboil Touke r = 0. B mpormecce pacuéroB Mol
[IOJIy4MJId, 9T0 Vg (%3 xg) = 0 (cM. mepBblii wieH HauMHAs € 3- CTPOYKHU BBIKJIAJOK), OJIHAKO,
Vg%’ =div r% = 47 6%(r), 4TO COOTBETCTBYeT IMBEPreHINM IIOJA CAMHHIHOIO TOYEUHOTO 3aAPAIA.
Taxkum ofpasoMm MbI mosydaeM jo6asky 4mm 6°(r). Taxwke J-byHKIus NOTEpAHA W B BBHIPAYKCHEH
ara Vg (%3 xa) = VBVQ% (cM. BrOpO#t wien HaumHast ¢ 3-# crpouku). Cies 9TOro UaeHa JIOJKEH
JaBaTh A% = div r% = 4n 63(r). IlockoibKy BbIpaXkKeHue HECET JBa WHIAEKCA, CUMMETPUIHO WU
MHBApUAHTHO OTHOCHTEJIbHO 110BOpoTOB (npu r = 0), mobaBka JO/KHA ObITH IIPOIIOPIMOHAJIBHA

dap

eauranoil Marpuue (re. 8ag): Vg (75 Ta) = ( 5= 3Zegs

r5

) + 42505 6°(r). OxoHUATEIBHO TOTyTaeM:

3 —r2 " "
H-= w + £2m 6°(r). Unenom c J-ynkimeit MOKHO npeHeGpedb B KJACCHYECKOI Teopuy,
HO OH OKa3bIBAeTCsd BaK€H B KBAHTOBOI TEOPUH, TJe NMPHUBOJUT K KOHMAKMHOMY CNUN-CRUHOGOMY
83auModeticmeuro.
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6.2 4-mepHbIii ontepaTop HabJia

B LIeTpréXMepHOM CJIydae Mbl MO2KEM JIET'KO O606H.[I/ITI) I'PaJueHT 1 AUBEPIrCHIIUIO

of =
. A0
div4A =V;A"' = %ﬁ +divA. (57)
BMmecTo samacuana Mbl OJIy9aeM BOJHOBOI OIEpaTop CO 3HAKOM MUHYC
: i 0% f
Df = —div 4(g]ﬁ'&d 4f) = —VZV f = Af - w (58)

Porop B 4-mMepHOM ciiydae He MOXKET OBITH OIPEIE/IEH KaK IICEBIOBEKTOP, HO MBbI
MO>KEM OIPeJIeNTh 4-MepHOoe 000bIIeHne POTOpa KaK aHTUCUMMETPUIHBIN TeH30D

(I"Ot 4A)Z‘j = VZAJ - VJAZ (59)

VmenHo Tak u3 4-mOTEHIMAaja MOJIy9YaeTcs TEH30D JIEKTPOMAHUTHOIO MmoJist (a u3
BEKTOP-IIOTEHIMAa — MarHUTHOE 110J1e). B TpéxMepHOoM ciiyuae Mbl MOYKEM IIPEBPATUTh
9TY MATPUILY B IICEBIOBEKTOP € MTOMOIIBIO OTIEPAIIH JAyaJIbHOCTH, HO B 4-MEePHOM CJIydae
AyaJbHOCTb CHOBA JIACT MAaTPUILY.

7 Ilepexos oT 4-MepHBIX TEH30POB K 3-MEepPHbBIM

Paccmorpum kak BemyT cebsi 4-MepHBIE TEH30PBI IPU OOBIYHBIX 3-MEPHBIX ITIOBOPOTAX.
IIpu sToM HaMm HaJO0 3aJaThb CEeMEHCTBO THIIEPIIOBEPXHOCTEH ¢ = const, B KOTOPBIX
OyIyT OCYINECTB/ISTHCA 3-MEpPHBIE ITOBOPOTLI. Bblme/isisi TakWe ITOBEPXHOCTH MBI
OTKa3bIBaeMCsi OT JIOpEeHI-MHBApUAHTHOCTU BBIJIEJ/IsAs HEKOTOPOE BCeoDIee BpeMsi,
KOTOPOE OyIeT 0CTaBaThC HEM3MEHHBIM IIPU PACCMATPUBAEMBIX IIpeodpa3oBaHugx. Tem
caMbIM, U3 IPYIIIL JIopeHIia, Koropasl BKJIIoYaeT peobpa3oBanus JIopeHIia, IOBOPOTHI,
OTpakKeHUsT W WX KOMOWHAIIMH MBI MOYKEM BBIJICJUTH IMOJACPYIIY IpeoOpa30BaHmii,
KOTOPBIE HE TOJIBKO COXPAHSIOT MHTEPBAJI, HO U IIEPEBOAAT I'UIIEPIIOBEPXHOCTH ¢ = const
B cebst. DTa Hmojrpyia okassiBaercs rpyimoii nopoporos O(3) C O(1,3).

MaTpuisl IOBOPOTOB, 3allCAHHBIE KaK MATPHUIbLI IPeodpasoBaHMii 4-MEPHOIO
IPOCTPAHCTBA-BPEMEHN UMEIOT BUJL

| 000
r , & R{=1, Ry =Ry =0 RY=r%, (60)

1
0
0
0

riae 7 € O(3) — 3-MepHasi MaTpHUIA TOBOPOTA (OPTOrOHAJIbHAST MATPHIIA).
[IpaBuio mpeobpazoBanus JAjist TeH3opa 1'1%2"'n pacmamaroTcs Ha 2™ cayvdaes

G L it il
T2 — T2 Z"R&R[é PN R,"’ =

in

/ /... / e
TO 00 TOO O’

/! /... / “ee 4
TOCIO O T()!lo 0 ,ai’

"ol 0! .0 o o
Ta1a2 0 Ta1a2 0 %T S ..

o0 .0 o
V050" — qlaz0,02
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T.e. ¢ 3-MepHOI TOYKM 3pEHUS WHIACKC PABHBIN HYJIIO «HE CUUTAETCS», HAIPUMEp,
KOMITOHEHTa JIJIT KOTOPOH BCe MHIEKCHI HY/JIW IIPHU IOBOPOTaX BEIET ceDs KaK CKAJIAP
(TeH30p 63 MHJIEKCOB), KOMIIOHEHTa, Y KOTODPOIi OJMH IIPOCTPAHCTBEHHBIH WHJIEKC, a
OCTaJIbHBIC HYJIH, BEJET cebs KaK TEH30D C OJHUM HHIEKCOM (BEKTOp) W T.J. Takum
006pa3oM TEH30p € N WHJIEKCOB B 0OOIIeM ciydae pacnajaercsd Ha 2" 6J0KOB (3a cuér
CUMMETPHH/aHTU CUMMETPHU YHUCIIO UHIEKCOB MOXKeT OBbITh MEHBIIIE).

4-BeKTOp @' OTHOCUTEIHHO IOBOPOTOB IIPEICTABIACT OO0l COBOKYIIHOCTD 3-MEPHOT'O

ckanspa a’ u 3-mepHoro BexTopa a®. IlosTOMY 4-BEKTOP YaCTO 3aIMCHIBAIOT KaK

COBOKYIHOCTB 3-cKaJisapa 1 3-BekTopa: a’ = (a°,a). Tak, B gacTHOCTH?

e 4-TIOTeHIMAJ] — COBOKYIIHOCTH CKAJIIPHOIO M BEKTOPHOro moreHnuagoB A’ =
(¢, A),
[ ] 4—MepHaH IIJIOTHOCTB TOKa — COBOKyHHOCTb IIJIOTHOCTHU 3ap$1ﬂ,a n 3—M6pHOI71

wiorHocTu Toka j' = (p,j),
® 4-uMIyJIbC — COBOKYIIHOCTBH SHEPIHU U 3-MepHOro uMmimyJbca p' = (€, p),

® 4-CKOpPOCTb — COBOKYIIHOCTb IaMMa-(aKTopa U 3-MEpPHOIl CKOPOCTH, yMHOXKEHHOI
Ha ramma-daxTop u' = (v, V).

4-mepHbINT TeH30p 2-TO panra tY pacnagaercsa Ha cKaJgdgp a, aBa BekTopa B u C
3-MepHBINl TEH30p BTOPOro paHra D:

t” . a BT
~\C| D )

Hanpumep, Tensop sHeprum ummmyiabca 1% pacmnagaercs Ha ckaasp W (miorHoCTH
SHeprun), 3-MepHblil BekTop YMoBa-IlonnTunra S, u TeH30p HANIPSZKEHUST 043

S |ous )’

TTockoJIbKY TEH30p SHEPTUU-UMITYJIBCA CUMMETPUIEH BEKTOP IOJIYUHUJICSI TOJIBKO OJUH:
BeKTOp ¥YMoBa-IlonHTHHTa BBICTYIIAET OJTHOBPEMEHHO KaK IIJIOTHOCTD IIOTOKA SHEPTUNA U
KaK IIOTHOCTh UMITYJIbCA.

Tenzop 3/IeKTPOMATrHUTHOTO T10JIsI, B CUJTY AHTUCUMMETPHUH, PACIIaIaeTcs Ha 2 OJI0Ka:

0 H. -H,

Fy; :< ~H, 0 H,
H, —H, 0
Snechb (I:I)ag —  IICeBJIOBEKTOpP MAUHUTHOIO IIOJI  3allUCAHHBLI B BUJE

aHTACUMMETPUIHON Marpunsl 3 X 3. IlosToMy aHTHCHMMeTpUIHBIH 4-MepHBIT
TEH30p 2-TO paHra YacTo IPEJCTABJLAIOT KAK COBOKYIHOCTH 3-MEDHBIX BEKTOpPa U
[ICEB/IOBEKTOPA:

Fyj = (E;H), F;j = (H; -E)

2HarnomMunaeM, 9TO B JAHHOM IIOCOGHU CKOPOCTH CBETA CUHTAETCS PABHOM 1.
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8 KpuBosimHeliHbie KOOPANHATHI

Ilpu s3ammcu TEH30POB B KPUBOJMHEHHBIX KOODAMHATAX HEOOXOAUMO YUUTHLIBATD,
9TO BEKTOPBI, KOBEKTOPbI U JIPYI'HMe TEeH30pbl (KPOME CKAJISIPOB) B KPUBOJMHEHHBIX
KOOpJIMHATAX PA3JIaraioTCsd IO PA3HBIM 0a3mcaM B PA3HBIX TOYKAX IMPOCTPAHCTBA. DTO
3aTPY/HSAET HEe TOJBLKO JauddepeHupoBanne TeH30poB (KpoMe CKAJISIPOB), HO W HUX
napaJiieJIbHbBIN mepeHoc. Takzke BayKHO OTMETHUTD, UYTO 8 AUMEPAmype 0as 00HUT U
Mex aHce cucmem KoopouHam Mmo2ym UcCnoab308aAMbCS Pa3HbLE OA3UCHL.

Hauubrit  pazzmen 1mocobusi  HE  SIBISIETCST  ITOCTEI0BATENBHBIM — M3JI0KEHHEM
WCIIOJIb30BAHNA TEH30POB B KPHUBOJHHEHHBIX KOOPIAWHATAX. 3I€Ch JIMIIL JaETCsI
HEKOTOPOEe IPeJICTaB/IeHNe O CYIIECTBEHHBIX 0COOEHHOCTSIX KPUBOJUHEHHBIX KOOPIMHAT
U JAIOTCS HEKOTOPBIE IIOJIE3HBIE HEeH U (DOPMYJILI.

8.1 MeTrpuka B KPUBOJUHEINHBIX KOOPANHATAX

IIportie Bcero ybeuThest B 9TOM Ha IPUMepPe BEKTOPOB. JIerko BUIeTh, YTO KOMIIOHEHTHI
METPUYECKOT0 TEH30pa IIPEJICTABJIAIOT CODOHl MATPUILy CKAJISPHBIX IPOU3BEIEHUIT
6a3MCHBIX BEKTOPOB. [leficTBUTEIbHO, DA3UCHBIN BEKTOD HOMED ¢ UMEET OJIHY € TMHUIHYIO
1-10 KOMIIOHEHTY, & BCe OCTaJIbHble KOMIIOHEHTHI PABHBI HYJIIO, T.€.

(ei)j = 55 = (eia ej) = gmn(ei)m(ej)n = gmn(szmé? = Gij-

Paccmorpum, B KadecrBe mpumepa, cdepuyueckue KOOPIUHATHI B €BKJIUIOBOM
npocrpancree.  Cdepuueckne koopauuarTbl (1,0, ) CBA3aHBl € JEKAPTOBBIMU
KOOp/MHATAME (T, Y, Z) CJIELYIONIUMHA COOTHOIIEHMUSIMU:

x =7 sinf cosy dx = dr sinf cosp + dfr cosf cosp — dpr sinf sin ¢
y=r sinf siny = dy = dr sinf sin p + df r cos 8 sin p + dpr sin @ cos
z =1 cosf dz =dr cos — dfr sin

O6parnas marpura fkobn nmeer Buj (IITPUXOBAHHBIE KOODIMHATHI — ChepHIecKie)

Py sinf cosyp 7 cosf cosep —r sinf sing
9o = sinf siny 71 cosf sing 7 sinf cosyp
x .
cos 6 —7r sind 0

Yrobbl mosiyunTh METpUKy B cdepuueckux KoopuHarax (1-if crmocob) Mbl MOKeM
BBIYHUCJUTH CBEPTKY

dx® oxP dz® oxP ox® O0x®

ga//gl = gaﬂww =

B or 9z~ 9z 9P

(obparuTe BHMMaHHE, JEKAPTOBbI (HEIITPUXOBAHHBIE) BEPXHUE U HUKHUE WHJIEKCHI
MOXKHO He pa3jndarh, a cdepudeckue (MITPUXOBAHHbIE) BEPXHUE U HIXKHHUE HHJIEKCHI
pasimiaTh HeOOXOINUMO) HA MATPUIHOM sI3BIKE

,_(0a\" 0w _(ox\" 0w (ox\Tox [0
g = oz’ 98:1:’ \ oz ox'  \ox') 0x 0 0 r2sin20

Bmecto sToro (2-i croco6) MOXKHO MOJCTABUTH BBIIIENPUBEIEHHbBIE BbIPAYKEHUs J1JIsI

dz,dy,dz B dopMyJly UId 3JIeMEeHTa JUIMHBL U IIOJIYYUTD TY K€ CaMyI0 METPUKY B BUJIE
b )

KBaJIpaTUIHON (HPOPMBI

di? = dz® + dy? + dz? = dr® + r? d6? + r? sin® 6 dy?.
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WMuorna 6niBaeT ymobHO cpa3dy 3alucaTh METPUKY B BUJIE IJEMEHTA JJIUHBI UCXOJs U3
reoMeTpruvecKux coobpaxkenuii (3-it crocod). s cepuaeckux KOOpIHHAT

® CMeIeHne 1Mo r Ha dr — CMeIlleHre 110 PJIyCy Ha paccTogHue dr,

e cmerrenne 1o 6 Ha df — cmerienne BIOJIb Mepuanana cepbl pajmyca r Ha yToJ
df u na paccrosHue r df,

® CMeIIEeHNE TI0 ¢ Ha dy — CMeIeHne BJOJIb HapaJiesan cdepbl pagnyca 1 (pajmyc
napaJuiesin r sinf) Ha yros dyp u Ha paccrosinue r sinf dep.

CMGHIGHI/IH BIOJIb pPaJinyCa, BAOJIb IIapaJijieJii W BJOJIb MEpHUJIMaHa B3aWMMHO
NEePHEHANKYJJIAPHDBI, IIO3TOMY MbI MOXKEM HallCaThb KBaJ/IpaT IIOJTHOTO CMEHICHUA dl xak
CYMMY KBaJApaTOB CMEIICHUA 110 3TUM TpeM HallpaBJICHUAM

di? = (dr)? + (rdf)* + (r sinf dp)>.

Takum 06pa30M, B Cd)epI/ILIeCKI/IX KOOpJauHaTax ba3ucHbLIe BEKTOPbI B3aMMHO
OpTOTrOHaJIbHBI 1 UMEIOT JIJIMHBI

le;| =1, leg| =, leg| = r siné.

PaccmaTpuBaBiIzecss BBIIIE CMEIIEHUs] OCYILIECTBJISUINCH KaK pa3 Ha pPacCTOSHUS
[IPOILIOPIINOHAJILHBIE JJIMHAM Oa3UCHBIX BEKTOPOB. KOMIIOHEHTBHI STHX BEKTOPOB B
KOOpJMHATaX (X,Yy,2) — CTOJIOINBI BBIMUCAHHOI BbIle 0O6paTHO# MaTpuIbl fKobu.

sin 6 cos r cosf cos @ —r sinf sin
e, = | sinfsing |, eg=| rcosfsinp |, e, = r sin @ cos ¢
cosf —7r sin 6@ 0

OjiHakKo, eciii BaM JIaHbI KOMIIOHEHTBI BEKTOPa B CHEPUIECKUX KOOPIMHATAX, ITO
HE O3HAYAET, YTO BEKTOP PA3JIOKEH MO JAaHHOMY 6as3ucy («KOOpAMHATHOMY Ga3mcy» ).
BwmecTo 5T0ro MoKeT UCIoJIb30BaThCst 6a3UC U3 BEKTOPOB, HOPMUPOBAHHBIX HA €JIMHUILY,
T.E. € = ﬁ Pazmuune B Oasmcax ckaxkercss m Ha opMmysiax s T'PaIUeHTa,
JUBEPTeHIK, poTopa. Bce mpuBejéHHBIE B 5TOM TOCOOHU (DOPMYIIBI MPEIIOIATaI0T
HCIIOJIL30BaHNE KOOPJIUHATHOrO Hasuca.

st OPTOrOHAJIbHBIX METPUK (OHUCHIBAEMBIX JUATOHAJBHBIMU METPUIECKUMU
TEH30PaMU) YacTO BBOJATCH koappuyuenmo, Jlame L, — KBajapaTHble KOPHHU U3
JIMarOHAJILHBIX 3JIEMEHTOB METPUKH, T.€. JJIMHBI OA3UCHBIX BEKTOPOB KOOPIUHATHOIO
Gasmca. DJIeMEHT JUIMHBI 3alliChbiBaeTCs depe3 Kodbduiments Jlame kak dl? =

Zi:l (Lada®)?.

8.2 IlosHOCTHIO AaHTUCUMMETPUIHBIN TEH30P

Ompesienénnble paHee IIOJHOCTBIO AHTHCHMMETPUYHBIE CHMBOJIBI €n8y U €jk BEJH
cebs Kak TEH30PbI IPU [PeoOPA30BAHUAX KOODJHMHAT C EIUHUYHBIM sKoOuaHoM. B
KPUBOJIMHENHBIX KOOPJWHATAX OHU y2Ke He OyJIyT IceB/ioTeH30paMu. IToObI TOIyduTh
W3 HUX TEH30Pbl MX HAJ0 JOMHOXKNTH Ha KODPEHb M3 ONPEACIUTENsd METPUIECKOI'O

WapBy = \/meaﬁw Qijriv/ 9] eijra- (61)

TEH30pa
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st TpEXMEPHOTO CIydasl MPOBEPUM ITO IPABUIIO. TeH30pHBIN 3aKOH IIpeodpa3oBaHust
KOMITOHEHT JIOJIZKEH JaTh (CM. pasen 5.2)

ox® 0z° dx" ox®
wa/ﬁ/,y/ = v/ ’gl| ealﬁl,},/ = 1/ ‘g‘ €a/@,y W W W = \/ |g| det (8[[;0‘/> 60/5/7/ (62)

. a B
ITpu sTOM 3Hast KaK Ipeobpa3yeTcst METPUYECKHit TeH30D (Jo/3' = Jag gfa, 8;,, ) MbI (T.K.
OIIPEJICJIUTEIb TIPOU3BE/ICHIST PABEH [TPOM3BEICHUIO ONpe IesInTesieil) oty daeM
ox®
! 2
g = gdet <83:°‘/ . (63)

Takum oOpa3oMm, TEH30pPHBI 3aKOH MPeoOpa30BaHUsT KOMIIOHEHT IeHCTBUTEIBLHO
BBIIOJIHSIETCSI  JIJI  HOJIOXKHUTEIbHOrO sikoOMaHa, a [JId OTPUIATEJIHLHOIO 3aKOH
IpeodpPa30BaHMUs OTIMIAETCSI OT TEH30PHOIO 3HAKOM, T.€. \/m €apy (U, aHAJIOrMYHO
\/m €ijki) JEHCTBUTEIBHO SABIISETCA IICEBJIOTEH30pOM. VIMEHHO Takme ICeBOTEH30PbI
JOJIZKHBI HCIIOJIB30BAaTHLCA JIJIgd OIIpe/Ie/IeHU A ﬂyaﬂbeIX TEH30POB B KpHBOHI/IHGfIHbIX
KOOPAMHATAX.

TaK)Ke JIETKO BH/I€Th, YTO IIOJTHOCTBIO aHTI/ICI/IMMeTpI/ILIHbII;'I TEH30D ITpUu IIOJHUMaHNN
HMHJIEKCOB YMHOXKAETCs Ha OIpPEeIeIuTe/ b METPUKH, TAKUM 00pa3oM

pofr— L gkl _ 1

— € s ———F— €ikl-
Vgl Vgl "

(Mbl  mpejiosiaraeM, 9TO  ONPEJETUTENh METPUKH B 3-MEPHOM I[POCTPAHCTBE
HOJIOXKUTEJIEH, & B 4-MEPHOM IIPOCTPAHCTBE-BPEMEHH OTPUIIATEJIEH. )

8.3 /IuddepennmpoBaHne B KPUBOJMHENHBIX KOOPAMHATAX

IMpu juddepennupoBanun  TeH30pa (KpoMe CKajsipa) HEOOXOJMMO yUUTHIBATH
3aBUCUMOCTH KOMIIOHEHT 0a3uca OT KOOD/IMHAT, TaK IIPOU3BOJHAs OT BEKTOPA U BIOJb
BEKTOpa 1 NpUOOpPETAET JIOMOJHUTETbHBIN YJIeH

Vav = Vau(v'e;) = (W V,v)e; + (v V;e;)v'. (64)

Taxast MpoM3BOIHAS HA3BIBAECTCS KOBGPUAHMHOT NPOU3BOOHOT.

OjiHaKO IOJHOCTBIO  AHTUCUMMETPUYHBIE KOBADHUAHTHBIE TEH30DbI  MOXKHO
muddepeHnupoBaTh B KPUBOJUHEHHBIX KOOPAMHATAX TOYHO TaK K€, KaK M OOBITHO,
€CJI  CTPOUTHL W3 MPOU3BOJHBIX AHTHCHMMETPHYHYIO KOMOMHAIMIO (<«BHEIIHIO0
HOU3BOJHYIO» ). B 3JIeKTpojiMHAMMKE HaM HOTPEOYIOTCS — CJIEIYIONMe BHEIIHUE
OPOU3BOJHBIE (6AG0EHUE NOHAMUEM GHEWHET NPOU3BOOHOT 6 CMAHOAPMHOM KYpCe
meopuu NoAs He mpebyemcs)

df): = Vif, (65)
(dF)ijre = ViFj + VFy + Vi Fj. (67)
3nech Fjj = —Fj;, ckanap f n KOoBeKTOPHI df m A TakyKe MOTYT PacCMaTpPHBATHCA KaK

MTOJTHOCTBIO AHTUCUMMETPUYIHBIE TEH30PbI. Kciin mepecTaBUTh Y CKaJspa UIn KOBEKTOPA
Jr00bIE JIBA UHJIEKCA, TO CKAJISIP, UM KOBEKTOD, U3MEHSIT 3HaK (yTBepK/IeHIe, 0YeBUJIHO,
BEpHOE, T.K. JIJIsl TOT'0, YTOOBI €r0 OIPOBEPIHY Th [TOHATO0UIOCH ObI HANTH y CKaJIsipa WK
KOBEKTODA J[BA UHJIEKCA, KOTOPBIX y HUX HET).
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ZKearoriime MOTyT JIETKO IIPOBEPUTH, UTO BEJIUUUHBI, 3aJaBaeMble (opMyJsiaMu
(65),(66),(67) meiicrBuTesIbHO TPEOOPA3YIOTCS KAaK TEH30pPbI IPH  [MPOM3BOJIBHBIX
3aMeHaxX KOOpJAMHAT (B IpeNooKeHun, 9to f, A; u Fij=—F; — TEH30DBbI).

D1t HopMysIBl pabOTAIOT B MPOU3BOJIBHBIX KPHUBOJMHEHHBIX KOODAMHATAX U
3a/1a10T TPaJUeHT (MCHOJIb3yeTCsl B JIEKTPOJUHAMUKE Jiisi 3aJaHusl T'PaJMEeHTHBIX
npeobpazoBanuii 4-noreHnuasa), 0600MEHHBIH POTOD (3a/1a6T BbIparXKeHue JJisi TEH30pa
9JIEKTPOMArHUTHOIO 110Jisi depe3 4-norennuan). [lociennsisi dopmysna ucmnosb3yercs
IUI 3anucK 1-ii mapsl ypasHenuit Makcpesnia 9epe3 TEeH30p 3JIEKTPOMATHUTHOTO IMOJISk
(Viij + VFy + Vi Fij = 0).

[ToBTOpHOE NIpUMeEHEHNE BHEIIHeH MPOU3BOIHON Beera IaéT HyJb

(ddf)i; = Vi(Vf) =V;(Vif) =0, (68)
(ddA)ijr = Vi(VjAx — ViA)) + V;(Vedi — ViAg) + Vi(ViA; — V,A;) = 0(69)

OTU TOXKAECTBA TAKXKE WUIPAIOT BayKHyI0 pOJb B  3JIEKTPOJUHAMUKE:  OIHO
U3 HUX HCIHOJIL3YeTCs  JJjisd  JIOKA3aTeIbCTBA — I'PAJMEHTHON  MHBAPUAHTHOCTH
TEH30pa JEKTPOMArHUTHOrO mosst (4-morenmman A; + V,;f maér ToT XKe TeH30D
9JIEKTPOMATHUTHOIO TOJIsA, YTO UCXOJHBIH 4-morennuan A;), a Jpyroe HCHOIb3yeTCst
Iyt TOro, 4ToObI BbIBeCTH 1-10 mapy ypaBHeHuit MakcBesja W3 BBIPAXKCHUS st
TEH30pa HOJId 9epes3 4-TIOTEHIUAL.

ﬂﬂﬁ ITOJIHOCTBIO aHTI/ICI/IMMeTpI/I“IH]::IX KOBapI/IaHTHbIX TeH30pOB y,ZLO6HO BBOJUTD
onepario nuddepeniupoBannst (BHEIIHsIA [TPOM3BOJHAs), KOTOPas yBEJININBAET
YUCI0 WMHIEKCOB Ha 1 (OpM COXpaHEeHWM AHTUCUMMETPUYHOCTH). [jis moJHOCTBIO
AHTHCUMMETPUYHBIX KOHTPABAPMAHTHLIX TEH30POB YAOOHO BBOINTH  OIEPALIAIO
nuddepenpoBanust (JMBEPreHIns), KOTOpasi yMEHbINAeT YUC/I0 UHIEKCOB Ha 1 (npu
COXPAHEHUN AHTUCUMMETPUIHOCTH ).

B siexkrpomuHaMuke HaM IOTpeOyeTCs JUBEPreHIds OT KOHTPaBapUAHTHBIX
aHTI/ICI/HVIMeTpI/I“IHbIX TeHSOpOB C OJTHUM 1 ILByMH MHJICKCaMU

divA = Li(\/@/ﬁ), (70)

V]g| 97
@ivFy = ——-2L(JglF). (71)

Vgl 9z
3/ecb ¢ — OIpeJIeJInTe b MaTPUIIBI METPUIECKOTO TeH3opa. JlokazaresbcTBO TOTO,
qro BbIpazkenust (70) wm (71) neficTBUTEIBHO NPEOOPA3yIOTCsT KAK TEH30pPbI [pU
IPOM3BOJILHBIX 3aMeHaX KoopjuHar (B npeanosoxkennu, uro A7 u FY = —FI" —

TEH30pPbI) Mbl CHOBA OCTABJIseM YHUTATEN0 B KaueCTBe yIParkKHeHUsl (IMBEPreHIHIO
OT AHTUCUMMETPUYHOIO TEH30PA MOXKHO TOJIYUYUTL IIYTEM KOMOWHAIUU TyaJbHOCTH-
BHEIIIHSIsI [IPOU3BO/HASI-YAJIbHOCTD ).

Jlanmacuan B KpuBosmHEHHBIX KoopaumHaTax (onepamop Beavmpamu-Jlanaaca)
MOXKET OBITb IOJIydeH IIyTéM KOMOWHAIINM TPaJMEHTa, ITOJHUMAHUS WHJICKCA U
nuseprennuu. s ckajasspHoit pyHKIINN

0 0
)
97 (\/\glg aﬁ)' (72)

1
Np = ——
it

Hanpumep, s cdepudecknx xoopaunar g¢;; = diag(l,r?,r? sin?0), ¢¥ =
diag(1,772,r2sin"20), /|g] = r?sinf u mp nomydaeMm (HOCKOJNBKY MeTpHKA
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AunaroHaJjibHa, B CyMME BbIZKUBaIOT TOJIBKO 3 qJIeHa)

10 ) 1/ 1 9 %) 1 o

r? or or r? \ sin 6 00 00  sin®6 Op
AHaJIOrmYHoO JJIsi KPUBOJIMHEHHBIX KOOPJIMHAT MOXKET OBITH OIPEneaéH BOJIHOBOI
oneparop (co 3uakoMm muHyc). OJHAKO, JIJIsT KPUBOJTMHEHHBIX KOOP/MHAT CYIIECTBYIOT

pasubie 0000menus omeparopoB Jlamnaca u Hanambepa, u UpuUBEAEHHBIN BBIIIE
OTIEPATOP HE TIPUTOJIEH, HAPUMED, JJTst A DepeHIInpOBaHs BEKTOPHOTO MTOJIS.
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